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Abstract— Cooperative broadcast aims to deliver a source Moreover, ‘tollisions’ between different transmitting nodes,
message to a locally connected network by means of collaborating which hinder point-to-point communication, may actually be

nodes. In traditional architectures, node cooperation has been at beneficia) when the transmitting nodes are broadcasting the
the network layer. Recently, physical layer cooperative schemes

have been shown to offer several advantages over the network same message. o .

layer approaches. This form of cooperation employs distributed [N this paper, we analyze the transmission dynamics of a
transmission resources at the physical layer as a single radio cooperative broadcast protogoin which nodes sequentially
with spatial diversity. In decentralized cooperation schemes, transmit the same message in large groups to increase the re-
collaborating nodes make transmission decisions based on theceived power. Here, we take the view that the group transmis-

quality of the received signal, which is the only parameter . h thitenti 1collisi tuallv b ficial
available locally. In this case, critical parameters that influence sions (hence, thiatentionalcollisions) are actually beneficial,

the broadcast performance include the source/relay transmission Since they increase the received power and the transmission
powers and thedecoding thresholdthe minimum SNR required range. This approach is in contrast with the traditional network
to decode a transmission). We study the effect of these parametersjayer flooding that treats each link individually and attempts to
on the number of nodes reached by cooperative broadcast. In gjiminate collisions as much as possible. Compared to multi-

particular, we show that there exists aphase transitionin the h broadcast tive broadcast Its i id
network behavior: if the decoding threshold is below acritical Op Dbroadcast, cooperative broadcast results in-more rapi

value the message is delivered to the whole network. Otherwise, Message propagation with fewer number of steps (Fig. 1).
only a fraction of the nodes is reached, which is proportional to
the source transmit power. Our approach is based on the idea of

continuum approximation which vyields closed-form expressions Traditional COOp_erative
that are accurate when the network density is high. network ® flooding ®
i i . floodin
Index Terms—Broadcast, continuum, cooperative communi- 9 e .o oo
cation, limiting behavior of dense networks, multihop diversity, ' &
phase transition, wireless networks. L ¥~d F~4 | ® Ly ~g
e o p g
|. INTRODUCTION e A g
A. Motivation contention cooperation
In distributed ad hoc networks, most network protocols
require multicast or broadcast of certain control messages. Fig. 1. Non-Cooperative versus Cooperative Broadcast

These messages generally constitute a significant portion of
network traffic, and they may cause performance bottlenecks.
Several authors have studied how to optimally transmit broalg-
cast information to minimize the total number of transmissions
or the energy consumption in large wireless netwoekg.(see [N this paper, we analyze the transmission dynamics of a
[11, [2]). simplecooperationprotocol for broadcast over multiple stages
An important property of the wireless medium is thaf relays. In the considered setup, a source node initiates the
the transmitted packets are heard not only by their intendBgpadcast by transmitting a packet. Every node who can hear
recipients but also by other neighboring nodes. While suée source with sufficient signal-to-noise ratio (SNR), decodes
unintended receptions are harmful when there is a sindggd retransmits the same packet. A training preamble in the

intended recipient, they may kexploitedin broadcast mode. Mmessage helps nodes to detect the packet's presence, estimate
the received power and synchronize the retransmissions. The
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if its SNR exceeds a certain pre-determined threshold. In

this way, the network can operate in a distributed fashion,

since the nodes only use the locally available received SNR
information to make transmission decisions. We assume that
appropriate channel coding is used so that the decoding and
retransmissions are correct as long as the received SNR is
above the threshold.

In our analysis, we consider two different models for
receptions. The first one, which we call thketerministic
mode] assumes that the power of simultaneously transmitted
packets is equal to the sum of individual powers. This model
is valid if the relays transmit in orthogonal channels, as in
FDMA or CDMA, or if the relays use orthogonal space-time
codes as considered in [3]. In case of orthogonal channels, a
large bandwidth is required,e., the network should operate
in the wideband regimeln our second setup, we derive and
consider arandom channel modedpplicable for narrowband
communication. Here, the impulse response of the channel
with multiple transmitters is modelled as a Gaussian random
vector. This model takes into account the effects of channel 151
fading, time differences between simultaneous transmissions
and random phases.

The objective of cooperative broadcast is to deliver the
source message to the whole network. However, this goal
may or may not be achieved depending on certain network
parameters such as the source/relay transmission powers and .
the decoding threshold. In this paper, we analyze the effect Sl et
of these parameters on the number of nodes reached by :
cooperative broadcast. In particular, we show that there exists -} = "
a phase transitionin the network behavior: if the decoding
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threshold is below a&ritical value, the message is delivered -151 X
to the whole network. Otherwise, only a fraction of the nodes AR
is reached proportional to the source transmit power. o s 10 s o 5 10 15 2

The two regimes above and below the critical thrE!ShOIIgiI 2 (a) Transmissions propagate. (b) Transmissions die off. Nodes
are depicted in Fig. 2. Here, after the source transmissi%rgg' , g :

longing to different levels are represented with different symbols. The nodes
other nodes in the network transmit in levels. The levetsat didn't receive/retransmit the source message are shown with dots.
move outward as the transmissions continue. In Fig. 2(a), the
number of simultaneously transmitting nodes grows at each
stage, and the packet is distributed to the whole network \¥here P is the relay transmit powey is the relay density
growing steps. On the other hand, in Fig. 2(b), the number [sfode/area], and the channel noise is of unit power.
transmitting nodes diminishes in time, and the transmissionsWe further consider the case that the relays exploit the
die out. We would like to note that the full-broadcast behavideceived signal not only from their immediate neighbors (i.e.
is obtained at the cost of reduced SNR threshold, which resufi€ previous level), but fromn previous levels that repeated
in a reduced communication rate in order to avoid erroneothe same source message. The importance of using transmis-
decoding. sions coming from multiple hops was recognized by [6]—[8].
In our analysis, we first consider a random network in whichollowing the terminology in [6], we shall call thisulti-
the node locations are randomly and uniformly distributed. BOP diversity In the case ofn-level multihop diversity, it is
continuum models obtained from the random network byshown that the phase transition occurs at the critical threshold
letting the number of nodes go to infinity while the total relapNR: = [7In(m + 1)] P.p.
power is fixed. The continuum approach was previously used!n the second part of the paper, we derive equivalent channel
in different contexts in [4], [5]. Using the deterministic channegnodels for networks with channel fading. Both orthogonal
model with squared path-loss model, in the continuum limignd non-orthogonal relay transmissions are considered. The
we provide a complete characterization of the broadcast levdl§twork behavior is characterized in the continuum limit by
the total area reached by broadcast, and the critical threshdtg solution of a nonlinear deterministic dynamical system.
In particular, for the deterministic model the critical thresholfurthermore, an upper bound on the critical threshold is found

is shown to be equal to for the non-orthogonal case. For both thg dete_rministic and
random channel models, it is shown by simulations that the
SNR. = (7 1n2)P,p, continuum model provides reasonably accurate performance



estimates for dense random networks. Both [7], [25] investigate the energy efficiency of cooperative
Using the continuum model for orthogonal and nontransmissions over multi-hop networks for different setups. In
orthogonal relay channels, we analyze the speed of propaf#6] and [27], the authors consider the channel capacity with
tion under these two scenarios. More specifically, we fix thaultiple relays.
duration of the source message, and compare the number ohnother related scheme @pportunistic Large Arraygro-
hops necessary to reach a given distance from the source.gosed in [8], which relies on a distributed rule, referred to
terestingly, our results indicate that the speed of propagatiords theintegrate and fire modelto synchronize the nodes.
the high-density network with the narrowband non-orthogonmi this method, the nodes select a firing time based on the
scheme is faster than that of the wideband orthogonal schemgergy accumulated at the receiver. The nodes emit their
Although this appears highly non-intuitive, we reason , in thgecision at the firing times, which are decided in a distributed
first system, that there is a possibility that the signals magshion. This scheme has low complexity compared to the
add up constructively. In the asymptotic regime, a fractiogentralized cooperative schemes, and it eliminates the problem
of the nodes will receive a signal power equal to the powef scheduling transmissions; however, it cannot guarantee
that would have been obtained if the transmitters weam- diversity gains since the transmitted signals can overlap in
forming towards these fortunate destinations. Obviously, thigne, and it requires non-negligible bandwidth overhead (see
orthogonal transmission scheme does not enable beamforn@igfor details).
gains for any of the users. The nodes that do receive with|n a recent work on cooperative transmission [28], the
beamforming gain grow as the groups expand in size, creatifigthors show that there exists a critical rétesuch that the
a positive feedback effect that explains why the non-orthogongiltage probability of every receiver converges to zero, for rates
scheme outperforms the orthogonal one. In the literature, theigow C, as the number of nodes goes to infinity. The analysis
are other examples where channel randomization improves i§&jone under a sum power constraint and also independent
system performance such as the opportunistic communicatigid identically distributed channel gains. Interesting phase
method proposed in [9]. transitions also arise in applications of percolation theory such
as the connectivity analysis of random networks [29], [30].
C. Related Work The organization of the paper is as follows. In Section I,
Most of the previous analysis of cooperation protocolsthe analysis of the network with the deterministic channel
[10]-{15]) consideredsingle- or two-hopcommunications. To model is presented. In Section IlI, the random channel model
the best of our knowledge, continuum analysis of cooperatigederived and in Section IV the continuum network behavior
multi-hopnetworks has not been done previously for any coops characterized for the random channel models. In Section
erative protocol. Part of the results of this paper was initially, simulation results are presented. We conclude the paper in
reported in [16]-[18]. The authors studied the dynamics &fection VI.
cooperative transmissions in a multi-hop network vétsingle
source-destination paimn [19].
Cooperative protocols can be categorized according to the |I. NETWORKBEHAVIOR UNDER DETERMINISTIC
number of relays for which they are designed. The papers CHANNEL MODEL
[10]-[15] investigate the spatial diversity in cooperative net-
works with a few number of nodes. More specifically, [13}n
develops low complexity cooperation protocols exploiting th&
spatial diversity. In [11], cooperative transmissions are co
sidered for improving the uplink capacity. In both [13] an

[11], a network with two sources and a single destinatio d ; : o ;
; . . non-increasin L U(d) = 1/d*). For convenience, we
is considered. It is also assumed that the nodes are b8 (9., £(d) /)

X the notatiord to denotel(\/z2 2).
sources and relays at the same time, and each node has an (z,y) (Vz* +y?)

. . ; . n the deterministic channel model, it is assumed that if
orthogonal channel assigned exclusively. It is worth noting that .
. : . a set of relay nodes (say, levelnodes= L,) transmits
the channel assignment to different nodes in most propose

methods usually requires a central control unit. simultaneously, then nodgreceives with power
Most of the protocols for multiple relays are generally N
extensions of designs for a few number of nodes. The exten- Pow(j) =P Z Hds;) @)
sion is done by using relays in paralléle(, multiple relays
transmit simultaneously in groupse-g.,[3], [20]-[22]), or in where d;; is the distance between th&h and j'th nodes.
series (.e., relays transmit sequentiallye-g.,[6], [23]), or a In practice, this received power can be achievedm&ximal
combination of these twae(g.,[24]). In [6], [23], four different ratio combiningunder the following scenarios: (i) the nodes in
network models are considered, which are grouped accordegiven level transmit in orthogonal channels (as in TDMA or
to relay processing (amplifying or decoding) and signal ré&<DMA); (ii) the nodes use orthogonal or pseudo-orthogonal
ception model (from all previously transmitted terminals ospreading codes with desirable correlation properties; (iii)
from the immediate terminal). In [24], authors derive symbdaimultaneously transmitting nodes employ a distributed or-
error probability expressions, valid under high SNR, for nethogonal space-time code [3] designed for a large number of
works with parallel, serial, and also combined configurationsodes.

In this section, we consider a simmleterministicnodel for
odelling the received power of simultaneously transmitted
gnals. Suppose that every transmission with poweis
Feceived with powelP¢(d) at distancel, where((.) is apath-
0ss attenuation functigrwhich is assumed to be continuous

i€LY



A. Random Network

Suppose thatV nodes are uniformly and randomly dis-
tributed in a disc with radiug? and a single source is located
at the center of a circular regidri.et the source transmit with
power P, and the relays transmit with powéy.. Let S denote
the set of locations of relay nodes. The relay nodes decode and
retransmit if and only if their SNR exceeds a certain threshold
7. Under the assumption that the channel noise is of unit
power, the SNR threshold criterion is equivalent to a received
power criterion, i.e.

Fig. 3. lllustration of f (x, p).

Pow(j) > 7.

) . By recursion, it is seen that the levelnodes,k > 2, become
At every broadcast step, the set of nodes with reception po%%

d . . Y nse in
exceedingr, which has not transmitted so far, joins the next

level. Therefore, the set of level-1 nodes is given by k-1
Sk={(@y) es\|Jsi:

S1={(z,y) € S: Pl(x,y) > 71}. (2) =
Similarly, the set of levek nodes fork > 2 is given by // Pz — o'y —y)dz'dy > 7). (6)
k—1 Sk-1
Sp={(z,y) € S\ U Si: The setsS,,S,, - - - specify the continuum model.

=t The following theorem provides a rigorous relation between

Z Pl —a',y—y) =7} (3) the random network and its continuum limit.

(@’,y")ESk—1 Theorem 1:Let P, and R be fixed, and

When the node locations are random, a random number N
of nodes is reached by the source in every realization of the P.=P./p, p= — (7
network. In order to study the effect df,, P. andr on the TR
broadcast behavior, we will consider the continuum mode|g 5 function ofV. For all k € {1,2,---} and open dicU ¢
which is introduced next. RR?, the number of levelk nodes inU scales apAreaUNSy,),

ie.,
B. Continuum Network Un
A 2 2 2 ; _UnSl 21 asN-oo, (8)
Let S £ {(z,y) : z* + y* < R} denote the disc pArea(U N'Sg)

containing the network. Lep = N/Area(S) be the density

[node/unit area] of relays withif. In the continuum model, where> denotes convergence in probability.

we are interested in the behaviorlogh densitynetworks with Proof: See Appendix . [ ]
constant sum-powefhat is, the number of relays’ goes to Theorem 1 indicates that the locations of levetodes are
infinity, while PV is fixed. This implies that theslay power approximately uniform in the s, when the network density

per unit area is high. ChoosingU = S above suggests an approximation to
5 o PN .
S =P (4) the number of levek nodes:
Area(S)
is also fixed. |Sk| =~ pArea(Sy), for large N, 9)
As the number of relays goes to infinity, the level-1 nodes
become dense in the set and an approximation to the total number of nodes reached by

N cooperative broadcast:
Sy & {(z,y) €S: Pl(x,y) > T}.

Intuitively speaking, in this regime every infinitesimal area | U Si| ~ pArea(U S), for large N. (10)
dzdy in S; containspdxzdy nodes each with powe?,.. Hence, 1 b1

the total transmission power from each such infinitesimal o

area isP,pdxdy = P,dxdy. Consequently, the level-2 nodes/Ve Wwill later demonstrate the validity of (9) and (10) also by

become dense in the set simulation.

Sz = {(z,y) €S\ Sy : 2A setU is called an open disc if it is of the forfi(z’,y’) : (x —2')2 +
_ , P (y — y')? < 2} for some(z,y) € R? and z > 0. Although the proof
PTE(‘T —Tr,y—-y )dl‘ dy” > T}- (5) in this paper is only for disc shap€ld, the theorem actually holds for any
S1 Jordan measurablsetU in R2. A setlU C R? is calledJordan measurable
if its area can be approximated by rectangles [8&], if sup >, AreaU;),
1The continuum analysis can be adapted easily for other network topologiefiere the supremum is over all disjoint rectanglgsy) inside, is equal to
See [19] for the rectangular topology, where the source is located at i >, Area(U;), where the infimum is over all rectanglds;(s) coveringU.
boundary point of the rectangle. The Jordan measure of a set, if exists, is the same as its Lebesgue measure.



C. Explicit Characterization of Level Sets

In this section, we will give a more explicit characterizatior

of the level setsS;,S,,--- for generall(-) and for ¢(d) =

1/d?. For ease of presentation, we will assume an unbound

network,i.e., R = co. The results forR < oo follow trivially
from the results in this section.
Lemma 1:Define the function

T 27
f(z,p) = / / L(p — rcost, rsinb)rdidr.
o Jo
Let ro, 71, --

f(rk—brk)

(11)
denote the solution of the recursive formula

.
7f(rk—277nk):37 k:273> (12)

with initial conditionsry = 0, 71 = ¢~*(£). If the solution
of (12) exists, then eachy, is adisc shaped regiowith inner
and outer radii given by,_; andr, respectively.

Proof: The fact that eacl§;, is a disc follows from the
assumption that the functioffx, y) is circularly symmetric. If
the solution ofP,4(r,) = 7 exists, then sincé(-) is decreasing
and continuousy ¢~1(£) forms the boundary of;.

Notice that theP. f(z,p) is equal to the received power at a

node with distance from the source when a disc of radius
transmits (see Fig. 3). Henc, [f(rx_1,7) — f(Tk—2,7%)] IS
the received power at a hode with distamgdrom the source,
when thedisc betweenr,_, andr_; transmits. If Egn. (12)
is satisfied, then the poimt, lies on the outer boundary &f;.
The lemma follows. |
Numerical solutions ofg, r1,- -

closed-form expressions for other path-loss models.
Theorem 2'If {(d) = %, thenr, = \/az, where theay,

depends on £ exp ( 3 as follows.

i) Case 1(n < 2): The broadcast reaches to the whole

network,i.e., limy_, -, a; = oo, where
Py(p—1) 1 f
D = (1-Gte) Htm<2
L if =2

iy Case 2(u > 2):
is bounded,.e.,

(13)

. _ Ps(,u * 1)
h_)noloa (i=2) (14)
where
o R‘;(N B 1) _ 1
) <1 (u—l)’“)'

Remark:Theorem 2 implies that the network behavior goes

through aphase transitiordepending on the value ¢f. If

p<2 & 7<(rln2)P,, (16)

can be obtained from (12)

for general path-loss models. In the following, we explicitly
solve this recursive formula for the squared-distance path-loss
model by simplifying it into an equivalent homogenous linear 2
difference equation. The relation (12) does not seem to yield

The total area reached by the broadca]'sje]clnlng ay, = 12
=77,

Ps=10,Pr=1,1=1, p=1

_1

Ps=10,Pr=1,1=3, p=1

=
o
= N

o

20 -2 /
-20 0 20 -2 0 2
(@) (b)
Fig. 4. (a) Transmissions propagate. (b) Transmissions die off. Notice that

the scale of (a) and (b) are vastly different.

a finite portion of the network is reached, and from Theorem
1 the total number of nodes the message is delivered to is
approximately equal to

mPsp(p —

)
S

‘ U8k|%7raoop:

k=1

The right hand side of Egn. (17) implies that the number of

nodes reached by the broadcast is directly proportional to the
source power.

Proof: (Theorem 2)Jnder the squared distance path-loss

model,r; = {/£=. Furthermore,

27
/A r2sin?(6
/0 P2 — 12| —TQ\

f(z,p) dodr

(p —rcos(6))?

_pr
p? — 22|
Hence, (12) is equivalent to

mln

(18)

Iry — 17| T
f(Tk—l,Tk) - f(rk—Qark) - Wlnﬁ = =,
k k—1 T
which yields
r2 2
i = ’“*1:71’“*2, k=2,3,....

we get a linear difference equation:

_1ak+u_1

k41 — ar—1 =0 (19)
with the initial conditionsag = 0 anda; = ==

Egn. 19 can be solved as follows. Sub;titutmg: Aw*,

(15) we obtain

The roots are

w1 , W2 M_l

i.e., the detection threshold is low enough with respect to tl'he £ 2, the roots are different, and the solution is
relay power per unit area, then the signal propagates to the

whole network (see Fig. 4). On the other handy i 2, then

ap = A1 + Azwg, (20)



whereA; and A, have to be found from the initial conditions VPrl(dy) o el P 0(d1)ar e’
ap = 0, a; = Ps/7. The first condition impliesd; = —As =
A, and the second one implies Pol(da)aze?® | M Prl(ds) iz’
A= Ps n—= 1 R ) T

T \w-2) Prl(ds)ase’® | © VPrl(ds)aze’
Thus, the solution is

Ppu—1

ak = *i(wlf - wlzc)-
T H ORTHOGONAL NON-ORTHOGONAL

If © =2, thenw; = wy = 1. In this case, (20) does not hold
and the solution is of the formy, = A; + Ask. Applying the
boundary values, we get; =0 and

P

Fig. 5. The reception models for random fading corresponding to orthogonal
and non-orthogonal relay transmission.

_ .2 _1Is
=T = . (1) [1l. DERIVATION OF EQUIVALENT CHANNEL MODEL FOR
The rest of the theorem follows by inspection of the solution. FADING CHANNELS

A simplistic assumption we made in the previous section
D. Effect of Multihop Diversity is that the power of s_imL.JItlaneoust transmi_tted packet; is
?ﬁual to the sum of individual powers. This assumption,

. . . . . . however, does not hold if simultaneous transmissions are not
the case ofmultihop diversity In multihop diversity mode, . . : . . ! )
in orthogonal dimensions. In this section, we first derive a

each node stores the received signals franprevious levels . . X
9 random channel modein which the impulse response of

and combines them via maximal ratio combining. The pa- ; .
: . Ssimultaneously transmitted packets is modelled as a proper
rameterm can be interpreted as thmemoryof the receiver.

With multihop diversity, after thei-th level transmission, the complex Gaussian random vector:

In this section, we analyze the phase transition behavior

reception power of nodg is given by h = N.(0,5) (23)
‘ P, . ‘
Pow(j) = ) 2 where ¥ is a covariance matrix that depends on the net-
U (nmmayy £ work physical layer. The Gaussian channel assumpfien,

where(z) 4 2 max(0, ). Rayleigh distributed multi-path channel, is widely used in

work with the squared-distance path-loss model. The netwdikcomes from the fact that there are many transmitters each

exhibits two different behaviors depending on whetheiis With small power in the continuum asymptote. By choosing
finite or infinite. the ¥ appropriately, the model (23) can be used to take

then the network goes through a phasié‘to account non-orthogonal narrowband transmissions, and
in particular, the effects of channel fading, time differences
_ between simultaneous transmissions and random phases. In
p=m+1 < 7= (rln(m+1))F, (22)  sections 1II-A and 11I-B, we provide a rigorous derivation
where i = exp (L as before of (23) and find the covariance matriX as a function of
- PTT{' . . . .
ii) If m = oo, then thére is no phase transition, and thr(%.letwork physical layer parameters. The r_1etwork_ behavior with
: the random channel model is analyzed in Section IV.
message propagates to the whole netwbek, a;— oo, . . .
regardless of the value of We also consider the case that the transmitted signals go
Proof: See Appendix Il ' through orthogonaffading channels, and the receiver does

Remark:Theorem 3 has a somewhat surprising impIicatiorﬁ?aXimal ratio co_mbining qf channell outputs (Fig. 5). Interest-
regardless of how low th@, is, if the nodes accumulate andnd!Y: in the continuum limit the equivalent channel converges
exploit all the transmissions before them, then the message WJIi2 deterministic constant, despite the existence of fading. We
be delivered to the whole network. This result indicates thd{SCuss this convergence in Section IlI-C. The behavior of the
high-density cooperative networks with multihop diversity ca€tworks with orthogonal transmissions and non-orthogonal
indeed be very energy efficient as long as the network dendiignSmissions is compared in Section IV.
is high enough.
if aRne dmgrrlll;lr;ftftlrl]sesreecctg\r/lé;vzzsstngéf;stetgetgfgseﬁ&ﬁg\znsrﬂllt Tran_sn”!itted and Received Signals for Non-orthogonal
show that for the source message to propagate to the en jrgnsmissions
network, the conditionr < 7. (see Eqns. 16 and 22) should be Consider a group of relay nodes that transmit the same
satisfied. For a Gaussian channel, the threshotwbrresponds message simultaneously. Suppose that the message consists of

) If m < oo,
transition at

to information ratdog(1+7.). Hence, we can interpréig(1+ M complex-valued sampledl],--- ,c[M]. Assume that all
7.) as the maximum critical rate at which the informatiomodes in the network use an identical pulse-shaping filter
propagates to the entire network. The base-band transmitted signal by thle node is modelled



as small variations due to differences between process-

M . . . .
ing/relaying times at different nodes.
sO@W) = VP Y cmlp(t—ti=mT),  (4) i) The tading coefficientsa's are iid. with unit vari-
m=1 ance for differentl € L. The phases), are i.i.d.
where T is the symbol periody; is the time thel'th node Uniform[0, 27] (i.e., the modulator/demodulator clocks
starts its transmiSSiOﬁ.é., the relay tlme) at different nodes are asynchronous)_
Consider a hypothetical nodd at a given locatior(z, y). iv) Thed;, ¢, o, 6, | € £ are independent.

Letv. denote the speed of light. The base-band received sign

at nodeH is modelled as E"ll'he next theorem characterizes the asymptotic distribution

of the channel.
r(t) = Zazejel /é(dl)s(l)(t _ ﬂ) + w(t) (25) Theorem 4:Let L denote the number of nodes ih Sup-
leL Ve pose that the relay powd?,. varies with, and the total relay

whereq; is the fading coefficient between nodkeand H; 6; power converges té’y as L—oo, i.e.,

is the phase difference between modulator and demodulator
clocks at nodesg and H; d; is the distance between nodes
?gidsjg; di/ve is the propagation delays(t) is additive channel Then, under assumptions i)-iv), the channel impulse response
) 2 — isfi

We assume that the broadcast signal is narrowhiaagthe h = (h[=D,--,h[D]), satisfies
coherence bandwidth of equivalent link provided to the relays d
is much larger than the transmission bandwidth. Hence in the h = N(0, PrE{{(d))}X)  as L—oo, (32)
following, we neglect the propagation delayg'v. in (25). q o _

After sampling at the symbol rate, the baseband receivégiere — denotes convergence in distribution, ahdis a

LP, — Pr, asL—oo. (31)

Signa| becomes matrix with entries

M-—1 o]

r[n] £ r(nT) = Z c[m] Z VP Biplln—m]+wln] (26) X[n,m] = /_Oo f@®)p(nT — t)p*(mT — t)dt,

m=0 lel

where forn, me{-D,---,D}.
. Proof: Rearrangé[n| to get
B & VU(d)aye’ (27) gehinl to g
pn—m] = p(nT -t —mT). (28)

hin] = /TP, [%} ~ VIP, UZ Zﬁml[n]} (33)
T lel

For consistency with the previous section, we will assume
that w[-] is white with unit power. If we define the channel

coefficients as Here, the first quantity converges {9Pr as L—oo, and the
A expression inside the parenthesis is the addition’ ofi.d.
hin] = \/F”Zﬁlpl["]’ (29)  copies of the same signal divided byZ. We will use the

leL Multivariate Central Limit Theorem (CLT) [31] to obtain (32).

then the received signal can be compactly represented as In order to apply CLT, observe th&{g;p;[n]} = 0, since
each 3, has zero mean. Furthermore, the autocovariance of

r[n] = hin] x c[n] + wn]. (30) (Bpiln] : —D < n < D) is given by
In the following, hin],n = 0,£+1,+2,--- will be referred to . §
as theequivalent channel impulse resporsfethe cooperative Rln,m|] = E{B6/p[nlp;[m]}
channel. We will also assume that th@:] is practically non- = E{|B*}E{pn]p;[m]}
zero only for2D + 1 terms,h[—D],--- ,h[D], and is zero = E{l(d))}S[n, m]. (34)
elsewhere. ’
On the other hand, the pseudo autocovariancéggb;[n] :
B. Asymptotic Channel Distribution -D<n<D)is
The setf is viewed as the set of nodes belonging to a _ B o B
certain level of broadcast. For tractability purposes, we make Rln, m] = E{§; }E{p[n]pt[m]} = 0, (35)

thg following as_sumptmns: ) ) because eacly; is Uniform[0,27]. Eqn. 35 implies that
i) The locations of the nodes id are independent and (Bum[n] : —D < n < D) is proper complex. From Multi-

identically distributed (i.i.d.), and therefore, the diSVariate CLT, we get that
tancesd;’s are i.i.d. for differentl. '

i) The starting timest;’s, | € L are zero-meani.i.d. h 4
distributed with a certain pdff(¢). This models the VLD, = Ne(0, E{£(d1)}%).
situation that all the nodes in the same level transmit
approximately around time zero, but there may b€he theorem follows. [ ]



C. Orthogonal Transmissions over Fading Channels A. Random Network

Another possibility is to consider the above model under the Consider a network withV relay nodes located in the disc
assumption that the transmissions are in orthogonal chanrglsvhere the source is located at the center. For a subset of

(e.g.,as in FDMA). In this scenario, for simplicity, we will relay nodesC c {1,---, N}, let
assume that the receiver can perfectly recover the timing of
each transmitted signal and sample it at time zero. Hence, the VP Y iep B, y)pes non-orthogonal
sampled received signal from ttigh node is c(z,y) = VPSS ez 1B y)Pp. orthogonal
M (39)
rin) = Z c[m]\/ﬁglp[n_m] + wy[n), (36) be the channel impulse response vector from level Set
m=0 to a hypothetical node atr,y) in the non-orthogonal and

orthogonal channel models. In (39), we made the dependence
on the location of the receiving node, y) explicit wherever
possible. Herep; = (p(nT —t;) : —co < n < oo) refers to

the pulse shaping filter delayed by sampled at the Nyquist
rate, andp = (p(0)d[n] : —co < n < o0) is the sampled
filter without delay. For the source transmission, the channel
impulse response is

wherep[n —m] £ p(nT —mT), andw;[n] is the noise in the
I'th orthogonal channel. We assume that eagh] is white
with unit power, and is independent of one another.

If a Nyquist pulsep(-) is used, the signat;[-] has no
intersymbol interferencei.é., piln — m] = p(0)d[n — m]).
Consequently, maximal ratio combining off-], | € L gives
the highest SNR:

hyo(z,y) = v/ Psfo(x, 40
lec for both the non-orthogonal and orthogonal transmissions.

Theorem 5:Under assumptions i)-iv) and (31), the SNR The decision criterion of when to relay packets is a subtle
of the maximal-ratio-combined received signal converges tassue in intersymbol interference channels. In practice, the
deterministic limit asL—oo, i.e., packets are coded according to a certain channel code, and

) CRC (Cylic Redundancy Check) bits are placed into each
SNR — PrE{¢(di)}[p(0)",  asL—oo, (38) packet. A packet reception is considered successful if the CRC
test passes after decoding the channel code. A simple way to
odel this phenomena is via the notion of matched-filter upper
ound||h.(x,)||?> on received SNR;e.,to consider a recep-

almost surely.

Remark: Notice that the bandwidth requirement of th
orthogonal system is proportional o if FDMA or CDMA 7 } 5 X
type signaling is used. Hence, taking the limhit>co without 10N successful if[hz(z, y)||* exceeds a certain threshotd
sacrificing from the transmission rate requires potentialfy More elaborate model for receptions can be derived based
infinite bandwidthi.e., the network operates in the wideband" the notion of outage capacityg, a reception is considered

regime. On the other hand, by using distributed orthogon%l'ccessml if the instantaneous mutual information of the

space-time codes, it may be possible to get to the abdtuivalent channel exceeds a certain threshold). However, in

performance without sacrificing bandwidth. this paper we will focus on the simpler matched-filter upper

Proof: Notice that bound approach.
Let S = {(z;,y:;) : i« = 1,--- N} be the set of relay

1 2 2 nodes that are randomly and uniformly distributedSinif the
SNR= LF; i Z B[O - channel is random, then the set of level-1 nodes is given by
leL

Here, the first term converges tB; and the second term 81 ={(z,y) € S: [|ho(x,y)I|* > 7}
converges almost surely to its mean due to the strong law ) .
of large numbers. The theorem follows. - The locations of the level-nodes are given by

The theorem indicates that the system with orthogonal k—1
channels, despite the existence of fading and randomness ins;, = {(x,y) € S\ | J & : I|he,_, (z,9)|> =7}, (41)
the channel, has a deterministic SNR in the limit. As we will i—1
see in the next section, this property greatly simplifies the ) i
analysis in certain cases. where £, C {1,---,N} is the index set of levek — 1

nodes.

Throughout this section, we will assume thgs are i.i.d.
for different !, o;(x,y)’s are i.i.d. for different! and (x,y);

In this section, we derive the continuum model for networkso aref;(x, y)'s. Moreover,t;'s are zero-mean with pdf (¢),
with random channels. Following the order of presentation #(z,y)’s are Uniform, 2x], and «;(z,y), ¢t; and 6,(z,y)’s
Section II, we will first describe the network with randomare independent from one another. These assumptions extend
topology, and obtain its continuum model in the limit. This willi)-iv) in Section 1lI-B considering the spatial domaif;, y)
be done both for orthogonal and non-orthogonal transmissias well as the node index We assume spatially independent
models described in Section IlI-A. The broadcast performantading for its simplicity. For correlated fading scenarios, refer
of these models will be compared in Section IV-E. to Section IV-G.

IV. NETWORK BEHAVIOR WITH RANDOM CHANNELS



B. Continuum Network where

In this section, we derive the continuum model for the

. . , hy(z, ~ MN.(0,02(x,y)X), non-orthogonal
network with random channels using the channel asymptotics k(@,y) (0, 93z, y)%) d

derived in Section III. Iz, )lI* = oi(z,y)lp(0)]*, orthogonal
In the random network, a node at locatign, y) receives gpecify thecontinuum modefor networks with random chan-
the source transmission successfully with probability nels.
— 2
Pi(w,y) = Pr{[[ho(z,y)[|" = 7}. The functionsP;,, o define a non-linear dynamical system

This is also the probability that a node @t, y) joins level- which evolves withk. Although the analytical solution of
1. It follows from the law of large numbers that for eactihis system is hard, it can be usually evaluated numerically.
measurable setl ¢ S, the number of level-1 nodes iy Another property of the continuum model is that tRg(z, )

scales agffm pPy (2, y)dx'dy, i.e., ando?(z,y) are only functions of = /22 + y2. Therefore,
the above dynamical system evolves only over 1-dimensional
[UN S| ) ; . .
odde 1 asp—oo (42) functions. For convenience, we will use the notatiéh$x, y)
g pPr(a'y')da'dy and P, (r) interchangeably.
almost surely. WhenP,p is fixed to P,, the total transmit  For our numerical evaluations in this section, we will use
power of level-1 node$>.|[U N S;| converges to the following path-loss model
_ 2
Pr = PP (2, y)da' dy’ 43 a ) 1/d® do<d
T //S (2, y)da' dy (43) E(d)_{l/d% 0<d<d, (49)

almost surely. Furthermore, the locations of level-1 nod% . . I .
L . . th a smalld 0 to avoid the singularity in the integral (48).
are distributed according to the densitg(z’,y’) 2 0= g y gral (48)

Piey) The squared-distance attenuation moélel) = 1/d> comes
T Praw)dwrdy - HENCe, from the free-space attenuation of electromagnetic waves, and
it does nothold whend is very small [33]. This issue has been
E{t(di(z,y))} = //S plz’,y )z — o',y —y')dz'dy’, (44) recognized by several researchersy([34], [35]). We expect

. . the results obtained from (49) to be more practically relevant.
for all [ € £1, and the total received power at location, y) (49) P y

due to level-1 transmissions is
9 A C. Behavior of Continuum Network with Orthogonal Chan-
oi(z,y) = PrE{l(di(z,y))} nels

= // PP (2 ¢ (x — o',y — y)dz'dy .(45) The above equations for continuum network greatly simplify
o 8 _ _ in case of orthogonal channels. There are two possibilities:
If this o7(z,y) is substituted into Theorems 4 and 5, We ¢ yhere s no fading from the source to the relays, then

see that a node &tr,y) receives the level-1 transmission P is binarv f.e.. P € {0.1Y). Furthermore
successfully with probabilitPr{||h; (z, y)||> > 7}, where 1(,y) y te. Pila,y) €40, 1)). ’

eacho?(z,y) for k = 2,3,--- is deterministic. There-
hy(z,y) ~ N.(0,0%(x,y)¥), non-orthogonal fore, Pr{||hy(z,y)||> > 7} is binary as well. If we
[ha(z,9)[2 = oi(z,9)lp(0), orthogonal define
is the equivalent channel distribution in the limit that the Sk = {(z,y) €S: Pu(z,y) =1},
number of level-1 nodes goes to infinity. The probability that then

a node af{x, y) joins level-2 is
Py(z,y) = Pr{receives from level-1, ail(w,y) = //S Pol(z' —x,y —y)dz'dy'.
k

does not receive from the souice . . .
) Hence, for this scenario the continuum model reduces
Pr{||hy (z,y)[|* = 7} - to the continuum model for deterministic channels.

[1 — Pr{||hg(z,v)||*> > 7}]. (46) ii) If the channels from the source to relays have fading,
then Pi(z,y) takes continuous values if0, 1], but
Pr{||hg(z,y)||> > 7} is still binary. In our numerical
Definition Let Pk(x,y) denote the probablllty that a node at evaluations we observed that the effecthf(x7y) is

Now, we can generalize what is done so far.

location (, y) joins level%, ando7(z, y) be the sum of signal transient, and the asymptotic behavior of the network is
powers from levek at location(z, y). Fork = 1,2,3,---, the as in the deterministic model. In Fig. 6 and 7, we plot
equations Py(r) in both low and high threshold regimes.

Piyi(z,y) = Pr{|[hy(z,y)|[* > 7} -
it 9 D. Behavior of Continuum Network with Non-orthogonal
H[l_Pr{th(xay)H ZT}]’ (47) Channels
=0
) _ ' , , o The following lemma simplifies the task of computing
o(z,y) = //SPrPk(ﬂf YW@ — o'y —y)da'dy’,  (48)  pr{||hy(z,y)||? > 7} for non-orthogonal transmissions.
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Fig. 6. The parameters are= 1.5, P, =5, P. =1,dy = 1,2 = 1. The Fig. 8. Transmissions continue. The parametersrasel, Ps = 10, B, =
transmissions continue. 1I,M=2,dy=1,2= ﬁl, wherel is the identity matrix.
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Fig. 9. Transmissions die out. The parameterszare 3, Ps = 10, P, =

Fig. 7. The parameters ate= 2.5, Ps = 3.5, P, = 1,dg = 0.5,% = 1. g e ’
9 P e o 140 ’ 1,M=2,dy=1,% = ﬁl, wherel is the identity matrix.

The transmissions die out.

Lemma 2:Let A\, -,y denote the distinct eigenvaI-Thena
ues of ¥ with multiplicities aq,--- ,ap;, respectively. The

characteristic function of[hy(z,y)||%, where hy(z,y) ~ Pr{||hy(z,y)|]> > 7} = T(n, ~——5——r), (52)
N(0,02(z,y)%), is given by ;nzl (n— 1 Xioi (x,y)
M 1 whereD'(a,z) = [ e~'t""Ldt. If the eigenvalues of are
Oy (jw) = H (50) distinct, then the above expression simplifies to

L (L jwAioR(x,y))n

M
2 = . _T/Uz (‘T7y)>\1
Let &, (jw) have the partial fraction expansion Pr{|[hy(z, )| > 7} =D Aune /% - (39

i=1
Z Z Aim ) (51) Remark:Computation of the right hand side of (52)-(53) can
P 1 (1+ jwXiof(z, y))™ be done in two steps. First, apply an eigenvalue decomposition

10



to ¥ to obtain Ay, ---,Ay. Then, apply partial fraction 1=1, Ps=5, Prbar=1, M=1, do=1
expansion to (50) to get;,,’s. ‘ ‘ ‘ ‘ ‘ ‘ ‘
Proof: The proof can be easily done utilizing well-known o
techniques [18]. [ ] "
The analytical solution of the continuum network in the /"
case of non-orthogonal channels appears to be a non-triv =~ * o
problem. In order to gain intuition, we evaluated (47) and (4¢ o
numerically for largeR. Similar to the case of deterministic | ||
channels, it is observed that there exists a critical threshold i& ﬁ
For 7 > 7., the transmissions eventually die oiig.,

Level-7
orthogonal

Level-7
non-orthogonal

0.4

sup Pi(z,y)—0 as k—oo.
(z,y)ER2

Otherwise, the transmissions propagate to the whole netwc 0_24 !
while the level curvesP;(r),r € R, become wider ag
increases. See Figs. 8 and 9 for these two regimes. / '
In general, we do not have an explicit characterization.of o e e
However, the following Theorem gives a sufficient conditio Distance to source: r
for the transmissions to die out.
Theorem 6:Consider an infinite disci.., S = R?). If the

P ——

Fig. 10. Wideband orthogonal vs. narrowband non-orthogonal: the upper,
rectangular shaped levels are the orthogonal, the lower wave-like levels are

path-loss model satisfies non-orthogonal. The parameters are= 1, P, = 5,P. =1, M = 1,dy =

1, =1.
] 1w aray < . (54)
R2
then there exists. < oo such that if > 7., then the Once these lucky nodes receive and retransmit, the nodes
transmissions eventually die out., neighboring them see a boost of signal power because of the
s Py(rg)=0, @ koo (55) onet e ovel movement are the ones a the forefont
(w,y)€ER?

of each level.

Remark:Condition (54) does not hold for (49). However, it In the narrowband system, favorable fading realizations
is satisfied for allé(d) = min{1/dy,1/d"}, u > 2, dy > 0. occur, when the phases of two or more simultaneously trans-
Proof: See Appendix IlI. m mitting nodes happen to add coherently, or when one of the
transmitting nodes experiences a very good channel with the

E. Comparison between non-orthogonal and orthogonal ckeceiver. Considering that non-orthogonal transmissions do
not require infinite bandwidth, we conclude that the non-

operative broadcast ) -
. . . orthogonal scheme is more advantageous also in terms of end-
In this section, we compare the message propagation beh,]%v

-end delay.
ior in random orthogonal and random nonorthogonal channels. 4
Fig. 10 shows theP;(r) for both models. These plots are
obtained for the parameters = 1,P, = 5,P. = 1,M = F. Multihop diversity under fading channels
1,dy = 1.
For both orthogonal and non-orthogonal moddhs(-) is
the same; however, the level curvEs(-) differ significantly

for largek. In particular, the level curves in the non-orthogon

If the nodes listen tom previous levels, the approach
presented in the previous sections using the matched filter
ak?ound can be generalized by modifying (47) as

case move faster. This is a rather counter-intuitive result, k

because the orthogonal system (with FDMA/CDMA) uses Pyii(z,y) = Pr{ Z Ilh;(z,y)|]* > 7}

much more bandwidth than the non-orthogonal one, and the j=(k—m+1) 4

use of orthogonal channels is more reliable in the sense that the (k—1) i

receiver eliminates/reduces the effects of fading via maximal H [1—Pr{ Z ||hj($’y)|\2 > 7}, (56)
ratio combining. Our result implies that the systeiith fading i—0 J=(immA1)

provides better broadcast behavior than the one without.

We believe that this fact can be explained as follows. Thehere (z) = max(0,z). In conjunction with (48), Eqn. 56
maximal ratio combining method reduces the probability thaetermines the network behavior.
the combined signal experiences a deep fade at the cost dh case of narrowband non-orthogonal transmissions, the
reducing the probability that the signal experiences a favoralpeiltihop diversity allows the signal to flow much faster (see
fade. In a dense network, favorable fading realizations are ve¥ly. 11). Furthermore, we expect to observe the threshold
valuable, because when the node density is high, althougghavior. In case of wideband orthogonal transmissions, the
there is a small probability of having a good fading realizatiomehavior converges to the deterministic channel behavior in
there is always a fraction of nodes that experiences the8ection II-D.

11
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P

Fig. 12. First level nodes for the correlated fading model

a model for spatially dependent fading such that the CLT for
dependent random variables holds.

In the following, we assume that the value of small scale
fading is a function of the locations of the transmitter and the
receiver. That is, assume the transmitter is locate@rat)’)
and the receiver is located @t, y), then the small scale fading
coefficient is denoted by (z,y, 2’,y’). Also, we assume that
the phase shifts of different transmitters are independent. Next
we describe the network behavior.

i) Consider a specific realization ofa(z,y,2’,y’),

which is assumed to be continuous with respect

to (z,y), («/,y). Given «(z,y,z’,y’) and the

locations (z,%), (z',%'), define B(z,y,2',y) =
Iz — 2,y — )z, y, ',y )e? @) Note

"
70

60
Distance to source: r

L h
40 50

Fig. 11. Narrowband non-orthogonal transmissions: 1, Ps = 5, P, =
1,M =1,dy = 1, = 1. Three different scenarios: (i) straight line = 3,
(i) dotted linem = 2 (iii) dashed linem = 1. Note that first level curve
Py (r) is the same form = 1,2,3 and the second level cungg(r) is the
same form = 2, 3.

G. Extensions to correlated fading

In the previous sections, in order to derive our results, we
assumed that the small-scale fading is spatially independent.
The spatial independence is not actually needed in order to
derive the results. The underlying assumption needed for the
results in the paper is that the channel coefficients between
any pair of nodes are independent from one another. It is well-
known in multiple-input multiple-out (MIMO) literature, it is
reasonable to model that the channel gains at two receiving
antennas separated by more than half the wavelength are P;(z,y|a)
independent. Hence, in a rich scattering environment (such as
urban areas), the independent fading assumption is expected 71 (,yla)
to be accurate.

The main difference of our problem from a MIMO trans-
mitter is that we have different transmitters, hence the clocks
at different transmitters are naturally assumed to be asyn-
chronous. In addition to the rich scattering environments,
considering an environment whethere is no small scale
fading ( a(z,y) = constantv¥(x,y) ) such that the channel
gains depend only on the independent random phases and
pathloss gain, our analysis for the independent fading applies
as it is.

that
B(x,y,a’,y')'s are conditionally independent for all
(«',y’) since #(a’,y')'s are independent. The Egns.
33-41 are still valid in this scenario. The equations in
Section IV-B can be updated as:

Pr{|[ho(z, yla)[]* > 7}

//P|axy,x ¥

Uz —a'y —y )P,y )da' dy

wherehg(z, y|la) = VPsfo(x,y, zs,ys)p and the loca-
tion of the source(z,,ys) is known and deterministic.
Furthermore, for any levet;

Pr{|[hy(z, yla)|* > 7} -
k—1

H[l = Pr{||hi(z,y|a)||* > 7}],

Ppy1(z,yla)

There are also scenarios where the independent fading o7 (z,yla) = //P lo(z,y, 2, y))|* -
assumption is not valid. In the case of spatially dependent
fading, the analysis is intractable in general. For example, U —a',y =y ) Pe(a’,y )da'dy’
correlated fading implies that certain regions of the network where
can reliably receive the source message and the rest can not.
Because of this reason, in general the set of level-1 nodes looks hy(z,yla) ~ N0, gi(qj, yla)¥), non-orthogonal
like “swiss cheese” (see Fig. 12), containing dark regions that Ihg(z,yla)[2 = o2(z,yla)[p(0))?, orthogonal

are in deep fade and can not receive source message. Hence

the analysis becomes quite intractable for the higher levels.  The above equations specify a conditional continuum

Next, we provide two new methods to deal with the spatially
correlated scenarios: (i) a conditional continuum model based
on the instantaneous realization of the fading proceséi)

12

model given the instantaneous realizationsxdfi.e., we
treata as a given deterministic function). One drawback
of the conditional model (in general, correlated fading),



In this section, we check the accuracy of continuum appro  os l 01 005 :
imations in predicting the behavior of the random network.  j, . .

is the network evolution is strictly a function of the in-1,...,4, and forp = 1,10, 100, where R, is the maximum
stantaneous fading realization. Therefore, the continuudistance between the source and nodeS;inlt can be clearly
model exhibits different behavior for different realizationseen that in both tables the ratios between the asymptotic
of the fading process, and it is hard to come up withalue and the numerical average tend tas the node density
conclusions. increases.
If there exists a fading model fot(z,y,z’,y’) such

that the CLT for dependent random variables holds, then e
S|m|lar_to the previous case, a contlnuu_m model can > 07228 T 0.9585 1 09926
be derived. We know that certain generalizations of the 3 06916 | 0.9534 | 0.9900
cental limit theorem exist for dependent random variables 4 ] 0.6615] 0.9491] 0.9895
[31]. Unfortunately, it is hard to directly apply these

[k7p] 1T [ 10 | 100 |

results in the literature to our problem. All we can claim TABLE |
at the moment is that such conditions are in general looself HE RATIO OF EXPECTED NUMBER OF NODES IN lE;*C‘H LEVEL TO THE
than the condition of independence. APPROXIMATE NUMBER OF NODES -~k —

For the fading models where the CLT for dependent
random variables holds, the Eqgns. 33-41 are still valid.
The equations in Section IV-B can be updated as:
0.8992 [ 0.9853 [ 0.9968

Pi(z,y) = Pr{||ho(z,y)||* = 7}.
0.9921 | 1.0307 | 1.0209

1

. . , , 2
Given the Iocatlpr(x, y), the signal power received from 3T 10214 10393 | 10251
level-1 at (z,y) is 4 | 1.0165 | 1.0327 | 1.0176

[(k7p] 1 [ 10 [ 100 |

oi(z,y) = PrEJ|Be(x,y, e, y0)|*} TABLE II
_ // ]E{|O[(.T y’ I7 y/)|2}PT‘ . THE RATIO OF EXPECTED RADIUS OF ElAsz LEVEL DISC TO APPROXIMATE
RADIUS, fTA

P2,y ) (x — 2,y —y)dx' dy

Furthermore, for any level;

Pk+1($,y) = Pr{Hhk'(:Cay)HZ ZT} Ps=1 Ps=10 Ps =50
k—1 1 1 1
[T =Pr{hi(z, p)[I> =7} 7o
=0
= 00 500 1000 850 1000 1050 850 1000 1050
ey = [ /S E{la(z, .2,y )?} B, : 1 1
Pu(a )z — oy — y)da'dy T os

0 0 0
where ) 500 1000 0 500 1000 950 1000 1050

hy(z,y) ~ N.(0,0%(x,y)%), non-orthogonal

h 2 . 2 2 h I n 0.5 0.1 0.05
\lhy(z, )| = oj(z,y)|p(0)|°, orthogona
O0 100 200 300 DO 500 1000 O0 500 1000
V. SIMULATION RESULTS . 02 01

0 20 40 [ 50 100 0 100 200 300

A. Deterministic Channel Model Fig. 13. Probability of number of nodes that transmit in a 1000 node network,

1, P- = 1. Note that the scales for both horizontal and vertical axis are

First, in Table 1, we compare the approximate number Qliferem
nodes that transmit in each level, calculated through continuum
analysis, which is equal top(ax —ax—1) [see Eqn. 9], and the  Figure 13 shows the histogram of the number of nodes
average number of nodes that belong to a certain level obtaiigglched by broadcast as a functionaf 7, and P,. To obtain
from simulating100 random networks. Specifically, for= 1, the histograms, we simulated random networks with 1000

[Sk|

P, =1, P, = 1, Table 1 shows the ratio_—=t"—, for nodes (500 trialsp = 1, P, = 1). The values are plotted for
k = 1,...,4, and forp = 1,10,100. Similarly, in Table different thresholdsr, and source powers?,. The theoretical
2, we compare the approximate radii calculated through tgitical threshold is atx In2) P, p ~ 2.18 [Eqn. (16)]. With the
continuum analysis, Eqn. 13, and the averaged radii obtain@shtinuum model, for < 2.18, the predicted number of nodes
from smulatmglOO random networks. Specmcally, for=1, with SNR > 7 corresponds to all noded(0 in this case)

P.

= 1, P, = 1, Table 2 shows the ratio;Z2-, for k = since thea;—co. Instead forr > 2.18, the number of nodes
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with SNR > 7 can be calculated from (17). Fd?; = 10, 50 " Ps=10,Pr=1,1=1, p=1

andr = 1,1.5,3, the continuum model correctly predicts the source

. . 17 level
network behavior; all nodes in the network are reached for | 2" level
the values of the threshold = 1,1.5, and only a fraction is A 4 ‘ i{::eve:
reached forr = 3. For 7 = 2, which is close to the critical 10} £ .'..1._:. Ll — pre;iZteed
threshold~ 2.18, and for P, = 50 the signal reaches to the S
whole network; but this is no longer the case far = 1,10 st

in contrast to what the asymptotic analysis predicts.

1000 oo g _9g—n» ‘ ‘ -

—10}+
900 -

800 r

700

20 I I I I I I I I |
-20 -15 -10 -5 0 5 10 15 20 25

600
Fig. 15. Random Network Realization vs Continuum Approx.

500
slope = 4.4354
400

B. Random Channel Model

1) Non-orthogonal transmissioniVe simulated the random
. network, and obtained the empirical density of nodes at level-
slope = 1.1930 with respect to the distance to the source. This, together with
° the continuum resulf(r) is shown forr = 1 andr = 3
in Figs. 16 and 17 respectively. The parameters Bre=
5 P =1, p=30, M =3, % = 4. The distribution of
relay times,;’s are assumed Uniforfn-1,0,1}. The fading
Fig. 14. Expected number of nodes that transmitsPys coefficientsay’s are N (0,1). In Fig. 16, the moving wave
behavior is observed, as expected from the continuum model.
On the other hand in Fig. 17, the transmissions die out. Notice
Here, we see that the continuum approximation is netat the continuum resulP,(r) is the smooth curve.
accurate in all cases (= 1, P, = 1) because we are testing 2) Orthogonal TransmissionSimilar to the non-orthogonal
the network exactly at the asymptotic threshold. This behavigtenario, we simulated the random network, and obtained
is caused by the fact that the source power is too low, and tbe empirical density of nodes at levielunder wideband
certain random network configurations, retransmission nevsithogonal channels. Figures 18 and 19 show the behavior
starts. In random networks this possibility can only be avoidegspectively in low and high threshold regimes. The parameters
by boosting sufficiently the source powe?, to initiate the areP, = 3.5, P. =1, M = 1, ¥ = I. The fading coefficients
broadcast with sufficient power. «; are M,(0,1). The curves are obtained for a high node

Fig. 14 shows the expected number of nodes reached by #§&Sity, p = 100. Fig. 18 shows the behavior for the low
broadcast as a function d?, andr. Clearly, the smaller the threshold regime. The effect of fading is transieni,gt, dies
7, the smallerP, is needed. Two regimes can be identifie@Ut after the first two levels, and the third level curig(r)
in the figure; forr < 2.18, the whole network is reached@most takes binary values. In Fig. 19, the behavior for the
after someP,. However, forr > 2.18, the expected number high threshold region is shown. As expected, the effect of
of nodes grows linearly wittP,. This is in accordance with initial fading is transient and, the curves get narrower as the
(17). The slopes predicted by the continuum analysisss= Signal propagates. Notice that the continuum regyitr) is
pf(sf_’;)). Hence, forr = 3, s = 2.7969, and forr = 4, the smooth curve.
s = 1.2849. Note that these slopes are reasonably close to the
predicted values. On the other hand, foe 2.5, s = 7.0702, VI. CONCLUSION

the expected slope is quite different than the simulated value1n this paper, we analyzed the behavior of a wireless net-

4.4354. This is due to the fact that = 2.5 is close to0 the 1 with cooperative broadcasting. The analysis is based on
critical threshold2.18. the idea of continuum approximation, which models networks
Fig. 15 gives a typical realization of a 1000-node networkvith high node density. We believe that the techniques used
Here, the dotted lines show the level radii estimated from tlire this paper can be useful in the analysis of other cooperative
continuum approximation. Also, the nodes belongingSig protocols. The accuracy of the continuum approximation is
k =1,...,4 are shown. The asymptotic analysis accuratelyerified by simulations. The interesting conclusion drawn from
predicts the locations of level sets. the analysis is that there exists a phase transition in the

300

slope = 2.3305

200

Expected number of nodes that transmit

100
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propagation of the message, which is a function of the nc 1=1, Ps=35, Prbar=1, M=1, d0=05

powers and the reception threshold. ‘ ‘ ‘ ‘ ‘ i
— k=2
o —— k=3 |
1=1, Ps=10, Pr=1, M=4, d0=1
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m '" Fig. 19. Transmissions die out
o
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Distance to source: 1 set of all axis-aligned rectangles &?.2 There exists a real-

Fig. 17. Transmissions die out valued sequencey — 0 such that agV—oo,

N
1 Are S
Pr{ sup —Zl(XiGU)—ﬂ <eny — 1. (57)
veu | N 7 R2
APPENDIX | i=1
CONVERGENCE OFRANDOM NETWORK TO THE Proof: Itis a classic example in statistical learning theory
CONTINUUM that the VC dimension of the sét is finite (e.g., see [36]).
Let The result (57) directly follows from the Vapnik-Chervonenkis
D(r,r'") = {(z,y) :r < 2* +9y* <7} Theorem [37]. ]

For convenience, we let
denote the ring with inner and outer radiandr’, respectively.

The following theorem, which is an instance of the so-called 1 & Area(U NS)
uniform law of large numberds a major step in the proof of n(ew) = {E‘ég N ; 1(X; €U) — TR2 Sen
Theorem 1. =

Theorem 7:Let X; € R?, i = 1,2,---,N denote the  sgch set it/ is of the form{(z,9) : Tmin < & < Tmaxs Yin < Y <

location of nodes in the random network Lgtdenote the yumax} for Somemin, Zmax, Ymin, Ymax € R.
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denote the event in (57). Lety be an integer-valued sequenc&hus, we are done if we can show the existence)pf-0
such that such that

0] an IS monotone increasing. Pr{Eri1.nv(0N) | Exn(ON), Fn(en)}—1.  (62)

(i) an—00 as N—oo. )
Can In order to show (62) we will upper and lower bound the
(i) en/27% — 0 asN—oo. (58)  summation in (3) with relevant integrals. Our lower bound
Later, the motivation for such a sequence will be clearer. vigpends on a functiofy (z,y,2’,y’), which is constructed
would like to partition the Euclidian plane with squares of sizeext. Consider the dis®(ry_1 + dn,r, — dy) and a point
2-aN x 27aN |n particular, we use the notation (',y') in R2,
« IfasquareA (i, 7) is contained insSid®(ry_1+dn, rp—
dn), let the function {5 (z,y,2’,y") take the value
min g yyeay @) L@ — ' y" —y') for all (z,y) €

An(ij) £ {(@y) 127" <@ < (i+1)27",
J27N <y < (j+1)27*} (59)

to denote these squares. The following lemma gives upper and An (i j)- o o )
lower bounds on the number of nodes in each(i, j), given  * If (z,4) € An(i,j), but An(i, j) is not fully contained

that Fiy (ey) happened. N D(ry—1 4 6n, 7 — On), let Ly (z,y,2",y") be zero.
Lemma 3:If the event Fiy(ey) happened, then for everyMore succinctly, the functiordy(x,y,’,y’) is the lower
An(i,j) C S envelopeof ¢(z — 2’,y — y') inside the regionD(ry_; +
R~ o €N o dn,Tr —On), and is zero otherwise. The cross-sectional view
p27 N1 — (TR )2_aN+1} < [SNAN(, )] of £y (z,y,2’,y') along thez-axis looks like Fig. 20.
—a EN
< p2an+l |:1+(7TR2)2_(1N+1}. (60)

The upper bound is valid even faxy (¢, j) not in S.
Proof: Substitutingl' = Ax (4, ) into the definition of
Fy(en) gives

1 . Area(An(Z,7)N'S)
IS0 Ax(d) NE08)| <y,
. . . . . . f f x
Eqn (60) is obtained easily after some algebraic manipulation. oot + O R

[ ]
Let £, () denote the event that firdt level nodes are
contained in the disk)(0,r; 4+ §) and theS;, i = 1,--- |k
contains all nodes i(r;—1 + 6, 7; — 9), i.e.,

Fig. 20. lllustration of¢ (x,0,0,0) as a function ofz.

An important property of this function is thét, (z, v, 2, y/')
Ep n(6) = {UF1S; ¢ D(0, 7y, + 0), is non-decreasing with\' (for this, we neediy to be non-
SOD(ri_y + 8,7 —8) C Si, Vie{l, -, k}}. decreasing). Moreover, for all:,y), (z',y'),

Theorem 8:For all k € {1, -+ , kmax}, there exists a non-  In(@,9,2",y) = Uz -2,y —y') asN—oo, (63)
increasing sequencé&y—0 such thatPr{E; y(0n)}—1 as
N—oo.

Proof: We will prove the theorem by inductiong., we
will show that

since /¢ is continuous. Now, we want to examine why these
properties are important. Under the assumption that the event
{Ex,n(6n), Fn(en)} happened, for any,y € R, we have

i) There exist®y—0 such thatPr{E; y(dn)}—1. Pz —2'y—y)>

i) If Pr{E;n~n(dn)}—1 for some non-increasing (25 ESk 1
on—0, k € {1,--- ,kmax — 1}, then there exists , ,
non-increasing’y, —0 such thatPr{Ey 1 n ()} —1. > Prl(z -2’y —y') =

Part (i) immediately follows from the definitions &, S; (@) €SMD{ri—1 +0n i)

oo

(choosedy = 0, VN). To prove (ii), assume that Z Pr AN (i, j) NS N D(rp_1 + O, 7 — On)| -
Pr{Ep, v (63)}—1 (61) inj=—oo
. . min Uo -2 y—y).
for some non-increasingy—0, k € {1, -, kmax — 1}. FOr (a,y")EAN (4,5)

, . :
any sequenceyy, the inequality Recall thatP, = P,/p, and observe that the final expression
Pr{E;11,n(0n)} > Pr{Ex n(On), Fn(en)}: is lower bounded by
Pr{Ep+1,8(On) | Er,n(0n), Fn(en)}
holds. Because of Theorem 7 and (61),

Pr{Ek,N((SN), FN(EN)} — 1.

> [1 - (7732)2—2%1} .

/ Py (z,y, 2’y )da'dy’ £ 1y (2,y).
D

(rk—1,7%)

16



The final lower bound has several important properties. First, Monotone  Convergence  Theorem  implies  that
the term[1 — (7 R?)5=sA+] converges to 1 due to Eqn. (58)./x (z,y, 2,y )—l(x — o',y — y') for all (z,y), (2/,).

o—an+F1

By the Monotone Convergence Theorem, for (all y) Using arguments similar to above, it is seen that (69) implies
. (68). The theorem follows. B
/ Ply(z,y, 2,y da' dy’ Next, we will prove Theorem 1 using Theorem 7 and
D(rk—1,71) Theorem 8. In the following, we will give a proof of Theorem

R Prf(x — ',y —y)de'dy’, asN—oo. (64) 1 under the assumption thﬁ;ﬂ_ax < 0. _T_he same proof can
Sk be used fork,,.x = oo after minor modifications.

. A H
Furthermore, by using the properties of the functignit Proof: (Theorem 1)tV =SnU. Notice that
can be shown that the convergence in (64uisform over UNnSel VNS
(x,y) € D(ry + v,rre1) for all v > 0. Also, since/ is pAreqUNSg) pAreadVNSy)’

non-increasing, the functiohy (z,y) is non-increasing along | order to prove Theorem 1, we need to show that
the outward radial direction for allz,y) € D(rg,00). All VNSl
k

these properties lead to the fact that there exists non-increasj - F
pAreaV N'Sy)

d%—0 such that
However, notice that this probability is upper bounded by

< Pr{[Fn(en), EN o (On)]“}+
If the eventEy n(6x) happened, then®_ | S;  D(0,ry, + VNSl
dn), which means that the nodesinry + dx, co) join level { m > s|Fn(en), EN,kmax((sN)}(70)

k + 1 if their received power exceeds Therefore,
Because of Theorem 7 and Theorem 8, the term on the left

-1

> s} — 0 asN—oo, Vs> 0,
Iy(z,y) >7 forall (x,y) € D(rg,rpe1 —dy). (65)

-1

Pr{SND(rx + 6%, rkr1 — O%) C Skt hand side converges to zero. Therefore, to prove Theorem 1,
| Enn(Sn), Fn(en)}—1, (66) it suffices to show that
|V N Sk|
as N—oo, whered?, £ max{éy, o }. m Pr{ SAreavnsy ¢ | FN(EN), BN o (O8) ¢ — 0

We are done if we can show the existence of a sequence

as N—oo, Vs> 0. 71
d%7—0 such that asV—oo, (1)

- Under the assumption th&ty ... (dn) happened, we have

Pr{uiZ}'Si € D(0, 7541+ 0%)| | Ern(On), Fn(en)}—1.  the relation
(67) .

(notice that (66) and (67) imply (62)). Since the rest of the S N P(ri—1 0N, 7k =) C S C Sppus,s (72)
proof is quite similar, we will only give its outline. Under thewhere
condition that the even{Ey, n(0n), Fn(en)} happened, if o . .
we can show that there exisi§/ —0 such that Sk = (WD (i =0y, ri0n) U D(ri—1+0n, 7 +0n)],
as before. To see (71), we shall use the “partition into rect-
angles” trick, used above. Consider the partitionig (s, )

we are done. First, notice that is i, v (5y) happened, then introduced above. Define the sets

us

In(z,y) <7 forall (x,y) € D(rgy1 +dy,00), (68)

SkCUIZD(ri—0n, ri+0n) UD(rk 140N, i+0n)] 2 Sk v Vin = U {An(ig) s An(i, ) N[V N Sen] # 0},
1,7
This is because al5;, ¢ = 1,--- ,k are inD(0,r; + dn), Vin = U {An(i,§) : An(i, ) C
yet the nodes iM(r;_; + dn,r; — dn) belong to levek, for by
i =1,---,k — 1. Consequently, the following upper bound VAD(ry_1 + 0n, 76 — 0n)}
holds: ’ ’
as outer and inner approximationswfwith rectangles. Since
Y Pllz—ay—y)< > Pllz—2y—y). U is a disc shaped regibn
(@",y")ESK—1 (2',y")ESNSK, N

Jim AreaV,; ) = Jim AreaVy ) = AreaV N Sy). (73)

_ Now, we examine why (73) is useful.
< [+ em 2] [ PivGeyay)dady Y (79
L 2—an+l] [os |V N Skl S Vi n NS
£ IN(:E, y)v (69) pAl‘edV N Sk) - pAredV N Sk)
where the functiory (z,y,z',y') is the upper-envelopef ¢ [ 1 } AreaV,, v) (p2-n+1).
over the regiorS;, v, i.e., pAreaV N'Sy) 2—an+1
= AN 2 eN
EN($7y,$,y) |:1_ (7TR )Q*G«N‘Fl .
max(e/ ynean iy Kz =2y =), “Th ty (73), which is fairly obvious for disc shapegis also t
_ H s 4 R e property , Wnich Is Talrly obvious Tor disc sha IS also true
- it (z,9) € An(0,7) andSe.v NAN(E,]) # ¢, for all Jordan measurabl®. For conciseness, we will not prove it in this
0, otherwise paper, though.
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The lower bound converges to 1. Similarly, where

VN Syl < Vi v NS f(r)=(u—1)r™—pm=t—pm=2  _p 1,
pAreaV N'S;) — pArea VN Sg)

Hence,; = 1is aroot of f(r) and the rest of the roots satisfy

< [ 1 } Aref‘(VilN)(pQ—aNH) f(r) = 0. We will use thisf(r) and Rouck’s Theorem [38]
pAreaVNSy)| 27~ in the following.
[ (T R?) ZN+1 , o Case L'Forl < pu<m+1, f(1) = p—1-m < 0. Also
_ 2- we can easily see théitm, .., f(r) = co. Since f(r) is
which converges to 1 as well. The theorem follows. = a polynomial, it is continuous. Hencé(r) has a root in
(1,00). _
APPENDIXII o Case 2If > m+1, then f(r) havem roots inside unit
PROOF OFTHEOREM 3 circle. We can rewritef () as f(r) = h(r) + g(r) where
Similar to the case ofn = 1, we can derive the difference hr) = (u—1pm
equation fork > m as me1l o
) g(r) = —(r +rmTE 4]
Ghett = TR T T e T 0. (74) We show thath(r)| > |g(r)| on the unit circleC.
The initial conditions of this system are given by the following |h(r)] =* |(p—1)r™| =|(n—1)]

lemma.
Lemma 4:The first initial condition isa; = %. Thenk'th
initial condition of the difference equation (74) is the unique

>bm
= 1+ r[+ [P+ .+

solution of the equation e R A

P == lg(r)| 77)

gp) 2 2 7Pl —L =7 2<k<m. (75) | - |

D Ip — ax—1] where(a) is by definition and alse € C; (b) is assumed
The initial conditionszs, - - -, a,, can be obtained by solving by the lemmaj(c) follows from the fact that- € C; (d)
(75) recursively. is from the triangle inequalityte) is by definition. Then,

Proof: If we assume that the nodes have memory length by using Rouck’s theorem:(r) and f(r) = h(r) +g(r)

of m, then fork < m, k'th level nodes consider the trans- have the same number of zeros inside the unit circle. The
mission from all levels transmitted previously including the ~ function h(r) hasm multiple zeros at- = 0, then f(r)
source node. Then finding, simplifies to solvingg(p) = 7 hasm roots inside unit circle.
for p. The claim is that the solution of the equatigtp) = 7 [ ]

exists and unique. This can be seen as follows. By constructiorProof of Theorem 3 i) follows from Lemmas 4 and 5. Part
ar > ay_1. By inspecting the derivative of(p), it is seen ii), can be seen as follows. i = oo, thena;, can be found
that g(p) is a decreasing continuous function for> a;_;. by solving the following equation recursively

Note thatg(ax—1) = oo and g(oco) = 0. Hence the equation

g(p) = 7 has a unique solution fgr > a;_;. [ ] g(p) & > + 7P In | f; =7 k=>1,
The characteristic function associated with the difference P ) L ) . .
equation (74) is wherg ap = .0. The eX|ste.nce of_ unique solution to. this
equation is discussed previously in Lemma 4. We will use
flr)y=rm+l - K m + 1 =0. (76) proof by contraction in the following. We assume that- B,
p—=1 p—1 such that) < B < co. Note that asc— oo, a;_1—B. Then

The polynomial f(r) is (m + 1)-th order and hagm + 1) P, _ B

rootsr;, i = 1...(m + 1). The solution of the difference Jim glar) =g(B) = 5 +7F; hlm =
equation is determined by the roots of the polynonyiét) o ) ) o
and the initial conditions (75). If there exists a rdof| > 1, Which is a contraction since we know thgtB) = 7 is finite.
then asn—oo, a,—o00. On the other hand, ifr;| < 1, Vi then

asn—oo, a,—a., Wherea,, is a finite number. Hence, we APPENDIXIII
would like to count the number of roots df(r) inside the PROOF OFTHEOREM6
unit circle and strictly outside the unit circle. The following Assume that[ [ /(z — u,y — v)dudv = C' < co. We will
lemma serves this purpose. first upper bound the?(x,y). Using (48), we get
Lemma 5:If 1 < ;o < m + 1, then f(r) has a root in the

interval (17o<f). Qn thg ot.her hand, it > m + 1, thgnf(r) o2(z,y) < Po| sup Pi(uv // —u,y — v)dudv
hasm roots inside unit circle and a root on the unit circle. (u,v)€S

Proof: The polynomialf(r) is (m+1_)-th ord_er and has < CP, sup Py(u,v) (78)
(m+1) rootsry, -+, r,+1. We can easily rewrite (u,v)€S

o (r—=1); Also, by using (47) we can derive the following upper bound
fr) = n—1 f(r) on Py11(z,y) in terms ofo? (x, y). For simplicity, we assume
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that ¥ has distinct eigenvalues (the following proof can be

adapted easily for the other case). Apply (53) to obtain ]

M
Z A e~ T/oR@yNs

PkJrl(ma y) < 2]
=1
M [3]
< Z Aﬂe_T/)‘i SUP(z,y)€s Ui(fwl)’
= 4]
< ,ye—ﬂ-/km SUD(, yyes o3 (x,y) (79)

(5]
(6]
(7]
(8]

where the second inequality follows from the fact thaf/®
is an increasing function of and in the third inequalityy =
M max; A;; and \,, = max; \;. Note thaty > 0, since it is
a bound to a probability.

Let My, = sup(, )es Pr(z,y). Combining (78) and (79),

we have the relation [9]

Mk:+1 < Ve_B/Mka k= 17 23 T (80) [10]
where3 = .—55-. The initial condition is that [11]
[12]
My = sup Pi(z,y)
(z,y)€S [13]
M 2
_ e~ T/og(Ty) N
= sup Aje 0
(z,y)€S ;7 (14]
M
— ZAile—T/SuP(m,g,)es US(%Z/)/\q‘
= [15]
M
— ZAileiT/PsAi SUP(z,y)€s @(z,y), [16]
=1
where we only used the definitions & (z,y), o2(z, y). (17]
Next, we will show that any sequendéd,, Ms, - - - satisfy-

ing (80) converges to zero. To this end, consider a sequeht&d

Li,Lo,--- satisfying Ljy; = ~e ?/Lx with the initial
condition L; = M;. We will first argue thatM, < L, Vk. [19]
This can be easily proved by induction:
i) My < Ly by the definition ofL;. [20]
ii) Assume thatM < L; for somek. Then,
My < ye PMe < e Blle =1y 1y [21]
because the functioa?/* is increasing inz.
Second, we will observe thdi,—0 ask—oo if [22]
1> & 7> (AnCe ™) P, [23]
Be
Observe that [24]
Ly e Ple g
< s = — 81
L — o = Be @)

by differentiation it can be seen that the functi‘ér:iﬁ is max-
imized atz = 3. Eqn. (81) shows thaby; <
Let 7. = YA, Ce™ !, then the theorem follows.

0.
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