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Stability and Capacity of Wireless Networks with
Probabilistic Receptions: Part I—General

Topologies
Gökhan Mergen and Lang Tong

Abstract— We study the stability and the capacity problems in
packetized wireless networks. Communication medium is mod-
eled using probability density functions that determine the packet
reception probabilities. The model subsumes several previous
models as special cases, and it is suitable for networks with time-
varying topology and channels. Our main result is a character-
ization of the stability and the capacity regions using network
flows. We also introduce a class of control policies sufficient to
achieve every rate inside these regions. In Part II, we apply the
proposed policies and the flow analysis to regular networks. We
obtain closed-form expressions for the capacity of Manhattan net-
works (two-dimensional grid) and ring networks (circular array
of nodes). We analyze the performance loss due to suboptimal
medium access and routing. We also investigate the impact of link
fading, link state information, and variable connectivity on achiev-
able rates in Manhattan networks.

Index Terms— Wireless networks, regular networks, Manhat-
tan, multipacket reception, capacity, stability, transport capacity,
slotted ALOHA, scheduling, optimal connectivity.

I. I NTRODUCTION

THE objective of this work is twofold. First, we provide a
general approach to characterizing the capacity and sta-

bility regions of networks with a probabilistic reception model.
This model, defined by the conditional probability of success-
ful receptions given the subset of transmitting users, is suf-
ficiently general to include multipacket receptions and links
with ergodic fading. Second (in Part II), we aim to provide
insights and design guidelines by examining the class of one-
dimensional (ring) and two-dimensional (Manhattan) regular
networks. Having obtained closed-form expressions for the ca-
pacity, we are able to quantify the loss incurred by suboptimal
protocols, the gain obtained by using link state information, and
the effects of increasing connectivity.

The network capacity problem deals with finding the fun-
damental limits on achievable communication rates in wireless
networks. A set of rates between source-destination pairs is
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called achievable if there exists a network control policy that
guarantee those rates. The closure of the set of achievable rates
is the capacity regionof the network. Our main result is a
characterization of the capacity region using network flows. In
the flow characterization one needs to assign a probability den-
sity over the set of transmission schedules for medium access
(MAC). Similarly, routing amounts to assigning a probability
density over the set of routes. We show that all rates inside
the capacity region can be represented as a flow feasible with
certain probability densities for MAC and routing. To estab-
lish this result we introduce a class of control policies that do
randomized routing and medium access. These will be called
randomized time-division(RTD) policies since their MAC can
be viewed as a randomized version of TDMA (time-division
multiple access). Our characterization shows that themarginal
link success probabilities determine the capacity region, not the
joint ones.

In the capacity analysis the notion oftransport capacityplays
an important role. The transport capacity introduced by Gupta
and Kumar [1] measures the delivery rate times the distance
packets travel. In this paper, we extend the definition of trans-
port capacity to networks with probabilistic receptions. This
extension allows us to handle the transport capacity in a more
general setting where the network possibly has time variation
and the distance metric is not Euclidean. The generalized trans-
port capacity is used extensively in proving upper bounds on
the capacities of regular networks.

In the capacity analysis, it is assumed that there are always
packets to be delivered at the source nodes. However, in re-
ality the data packets arrive randomly in time, and for proper
network operation the node buffers should be kept stable. In-
tuitively, the network is called stable if the node buffers do not
overflow during operation. Thestability regionis the closure of
the set of arrival rates at which the network can be stabilized us-
ing a control policy. Stability depends both on the rate of packet
arrivals and the rate of packet departure from the network. The
latter is of course closely related to the notion of achievability.
One would expect that the stability region must be inside the ca-
pacity region; this is true, since the delivery rate is equal to the
arrival rate in stable networks. The converse, however, is false
in general; some part of the capacity region may lie outside the
stability region in networks with probabilistic receptions. In
Section II we provide some mild conditions on the network un-
der which the stability and the capacity regions are the same. In



proving this result, we again exploit the flow characterization
and the RTD policies. In particular, we show that for every ar-
rival rate inside the stability region there exists an RTD policy
stabilizing the network.

In the literature, the wireless network stability problems have
been studied extensively both for networks with centralized
scheduling [2]–[13] and the ALOHA protocol [14]–[19]. Our
problem formulation is closest to the model used by Tassiulas
and Ephremides [2] who studied the network stability with a
specific probabilistic model and characterized the network sta-
bility region. They also gave an elegant throughput-optimal
policy that stabilizes the network at all arrival rates in the sta-
bility region. In [2], the packet arrival process is assumed to be
independent and identically distributed (i.i.d.), and the network
stability is analyzed in a Markovian framework using the Lya-
punov functional approach. In this paper, we consider a more
general network model with stationary and ergodic (not neces-
sarily i.i.d.) arrival processes, and our stability notion is slightly
different. We also use a different methodology (a dominant sys-
tem approach) in stability analysis.

The organization of the paper is as follows. In the next sec-
tion the network model is introduced. In Section III, the RTD
policies are introduced, and the network stability and capacity
regions are characterized. Also, an upper bound on the achiev-
able rates is developed using the transport capacity. The proofs
of the main theorems are relegated to the appendix. We con-
clude this part in Section IV. In Part II [20], we apply the de-
veloped tools to compute the capacity of regular networks.

Sets will be denoted by script letters. For a setA, |A| is
the number of elements inA, andAn = {(a1, a2, · · · , an) :
ai ∈ A, i = 1, 2, · · · , n}. The set of non-negative integers is
Z+ = {0, 1, 2, · · · }.

II. N ETWORK MODEL

Suppose that time is divided into unit length slots, and slot
t ∈ Z+ is defined as the half-open interval[t, t + 1). LetN =
{1, 2, · · · , N} be the set of nodes in the network, andL =
{(i, j) : i, j ∈ N , i 6= j} be the set of links. For linkl = (i, j),
t(l) denotes the transmitter nodei, andr(l) denotes the receiver
nodej.

We represent transmissions using binary vectors. A packet
destined for nodej will be called aj-packet. LetElj(t) be
equal to1 if a j-packet istransmittedover link l in slot t, and
0 otherwise. Similarly, letFlj(t) be equal to1 if a j-packet is
successfully receivedover link l in slot t, and0 otherwise. Over
each link a single packet can be transmitted,i.e.,

∑
j Elj(t) ∈

{0, 1}. DefineE(t) = (Elj(t) : l ∈ L, j ∈ N ), andF (t) =
(Flj(t) : l ∈ L, j ∈ N ). The set of transmissions in slott is
E(t) = {l ∈ L : Elj(t) = 1 for somej}, the set of receptions
isF(t) = {l ∈ L : Flj(t) = 1 for somej}.

Time variation in the network topology and the channel qual-
ities are modeled usingstates. Let V be the set of states, and
v(t) ∈ V be the state of the network in slott. The statev(t)
can be any network parameter affecting the receptions; exam-
ples include channel gains between users and spatial locations
of the nodes. It is assumed that the process(v(t) : t ∈ Z+) is

stationary and ergodic, and the probability of statev is p(v) in
the stationary distribution1.

Wireless channels in general are subject to random fading,
and neighboring transmissions interfere with one another. Be-
cause of these reasons, some of the transmitted packets may not
be received successfully. We model the channel characteristics
and the reception errors using a conditional probability density
function (pdf)π. In each slot the received packetsF(t) are de-
termined according to the pdfπ( · ; E(t), v(t)). The quantity
π(F(t) ; E(t), v(t)) is the probability that the successful recep-
tion set isF(t) given that the transmission set isE(t) and the
network is in statev(t). The pdfπ also specifies thetransmis-
sion constraints(such as half-duplex nodes) and thenetwork
topology: if a set of transmissionsE is physically impossible,
then the set of successful receptions is empty with probability
1. In multi-hop networks there may be such impossibleE , since
the nodes are typically restricted to communicate with neigh-
bors. Specific choices ofπ give several previous models such
as the collision channel [21], [22], the MPR model [23]–[30],
and others [2]–[5], [31], [32].

We assume that new packets arrive at the network randomly
according to a stochastic process. LetAij(t) be the number of
j-packets arrived at nodei in slot t. (Equivalently, we say that
nodei generatedAij(t) j-packets in slott.) The arrival process
A(t) = (Aij(t) : i, j ∈ N ) is assumed to be stationary and
ergodic with meanλ = (λij : i, j ∈ N ). In slot t = 0 the net-
work starts operation with empty queues. The nodes can store
an unlimited number of packets in their buffers, and a packet
does not leave the network unless it reaches its destination. At
time t the number ofj-packets at nodei is denoted bynij(t).
Definen(t) = (nij(t) : i, j ∈ N ) andni(t) =

∑
j nij(t).

Time evolution of each queue is described by

nij(t + 1) =





nij(t)−
∑

l∈L: t(l)=i Flj(t)

+
∑

l∈L: r(l)=i Flj(t) + Aij(t), if i 6= j

0, if i = j.

(1)

In each slott, a control policy determinesE(t). The policies
we consider are causal, and they can be randomized. In slott
the policies assume the knowledge ofv(t).2

We have the following assumption, which is expected to be
satisfied in practice.

(A1) Let E be the set of transmissions, andF ⊂ E be the set
of receptions. Define the marginal probability of success-
fully receivingF givenE as

Π(F ; E , v) =
∑

F ′: F⊂F ′
π(F ′; E , v).

1We suppose that the setV is countable. However, this assumption is for
notational convenience. The following results hold also whenV is uncountable.

2The formal definition of a policy is the following. The information available
up to timet−1 is I(t) := (A(r), F (r), v(r) : r = 0, 1, · · · , t−1). Policies
can be randomized; suppose thatU = (U(t) : t ∈ Z+) is a vector containing
i.i.d. random variables which are used for randomization. Apolicy is a se-
quence of functionsφ = (φt : t ∈ Z+), such thatE(t) = φt(I(t), v(t), U),
i.e., φt determinesE(t) according toI(t), v(t), U . The randomization vari-
ablesU(t), statev(t) and arrival processesA(t) are assumed to bejointly
stationary and ergodic.
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For allE ′ ⊃ E andv ∈ V, we require

Π(F ; E , v) ≥ Π(F ; E ′, v),

i.e., the marginal probability of success is lower when
there are more transmissions.

III. M AIN RESULTS

In this section, we characterize the capacity and stability re-
gions of networks. In our characterization the so-called RTD
policies play an important role. The basic idea behind the RTD
policies is the assignment of random routes and the use of ran-
dom schedules according to some probability distribution. In
order to make these ideas precise, we need a few more defini-
tions that are presented in the next subsection.

A. Randomized Time-Division (RTD) Policies

A pathfrom nodei0 to ik is a vector(i0, i1, · · · , ik) ∈ N k+1

such thati0, · · · , ik are different nodes. Denote the set of
all paths from nodei to nodej by Pij , and defineP =
∪i,j∈NPij . For someP = (i0, i1, · · · , ik) ∈ P, we say that
link l is in pathP (i.e., l ∈ P ) if (t(l), r(l)) = (ij , ij+1) for
somej ∈ {0, · · · , k − 1}. Let E denote the power set ofL. A
routing vectoris a vectorH = (xP ≥ 0 : P ∈ P) satisfying

∑

P∈Pij

xP = 1, for all i 6= j.

Similarly, ascheduling vectoris a vectorG = (p(E ; v) ≥ 0 :
v ∈ V, E ∈ E ) satisfying

∑

E∈E

p(E ; v) = 1, for all v ∈ V.

An RTD policy is specified by the vectorsG,H and the ar-
rival rateλ.3 The vectorsG andH will be viewed as probability
densities over routes and transmission schedules. Three mech-
anisms used in an RTD policy are the following.

Routing: The packets are identified with their routes, and
every packet is assigned a fixed route randomly once it is gen-
erated. If nodei generates a packet for nodej, routeP ∈ Pij

is assigned with probabilityxP .
Medium Access:In every slot, a randomly chosen schedule

is applied. In slott, transmission scheduleE(t) = E is chosen
with probabilityp(E ; v(t)).

Queuing discipline:After the transmission schedule is cho-
sen, every node chooses the types of packets it will transmit: If
nodei is scheduled to transmit over linkl, a routeP (such that
l ∈ P ) is chosen randomly with probability

Q(P, l) =
xP λij∑

i,j∈N
∑

P∈Pij : l∈P xP λij
. (3)

Then, over linkl a packet with routeP is transmitted if nodei
has a packet with routeP . Eqn. (3) assures fairness: each route
passing through linkl is allocated bandwidth proportional to its
traffic ratexP λij .

3This λ should be interpreted as thetarget arrival rate (the network is ex-
pected to support) rather than the actual arrival rate.

Now specification of the RTD policies is complete. Before
analyzing network stability, we will discuss some connections
between RTD policies and TDMA. In ad hoc networks, TDMA
can be done by applying a sequence of transmission schedules
periodically (see [21], [22]). The knowledge of queue lengths
is not required in TDMA. Therefore, it can be applied in a dis-
tributed network, but the cycles should be designed with a prior
knowledge of the arrival rates network should support. The
medium access in RTD policies can be viewed as a general-
ization of TDMA to networks with time-variation. This gener-
alization is done by choosing a random transmission schedule
in each slot instead of cycling through different transmission
schedules.

The RTD policies can be applied in distributed networks if
every node has access to the network statev(t) in each slot
(This is the case if the network has a single state, or cycles
through states periodically, or if there is a feedback link from
a central controller broadcasting the state). One possibility for
distributed implementation is the use of pseudo-random num-
ber generators which were previously proposed in [33], [34]. In
case all nodes use a common pseudo-randomization algorithm
(or, a common seed [33]) then a pseudo-random vectorE(t) can
be picked according to distributionp( · ; v(t)) by each node lo-
cally. Once MAC is done using pseudo-randomization, routing
and the queuing discipline can be readily applied distributively.

B. Stability

In this subsection, we define stability and the network flows.
We then characterize the stability region.

Definition In a network with arrival rateλ and with some pol-
icy, nodei ∈ N is calledstable if the distribution of queue
lengthni(t) converges to some proper distributionW ast→∞,
i.e.,

lim
t→∞

Pr{ni(t) ≤ θ} = W (θ) and lim
θ→∞

W (θ) = 1.

Nodei ∈ N is calledsubstable if

lim
θ→∞

lim inf
t→∞

Pr{ni(t) ≤ θ} = 1.

We call a network is stable if all nodes in the network are sub-
stable; it is called unstable otherwise.

Substability is a condition weaker than stability: a sta-
ble node is always substable, but the converse is not always
true. Substability admits a heuristic interpretation. Suppos-
ing that θ is the buffer capacity of nodei, we can interpret
lim supt→∞ Pr{ni(t) > θ} as the asymptotic buffer overflow
probability of nodei. A node is substable if and only if its
asymptotic buffer overflow probability goes to zero as the buffer
sizeθ tends to infinity. Substability is equivalent to the more
common notion of tightness [35]. In the wireless network-
ing context, as a network stability criterion, substability is first
used by Tsybakov and Bakirov [14]. Depending on the net-
work model, other stability notions are also used in the litera-
ture [15]–[19], [2]–[9].

Arrival rate λ = (λij : i, j ∈ N ) is calledstabilizableif
there exists a policy that makes the network stable. Thestability
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region of a network is the closure of the set of all stabilizable
rates.

In order to characterize the stability region, we need to in-
troduce the notion of feasible flows. Recall thatΠ(F ; E , v) is
the marginal probability of success for setF givenE is trans-
mitted. In the following, to denote the marginal probability of
success over linkl, we will use the notationΠ(l; E , v) instead
of Π({l}; E , v).

Definition Rateλ = (λij ≥ 0 : i, j ∈ N ) is calledfeasibleif
there exist a scheduling vectorG = (p(E ; v) ≥ 0 : v ∈ V, E ∈
E ) and a routing vectorH = (xP : P ∈ P) such that

∑

i,j∈N

∑

P∈Pij : l∈P

xP λij ≤
∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v) (6)

holds for alll ∈ L. Theflow regionis the closure of the set of
all feasible rates.

Our motivation for defining feasibility is the following. Con-
sider an RTD policy withG andH. When the arrival rate isλ
and the routing is done according toH, the aggregate traffic on
link l ∈ L is ∑

i,j∈N

∑

P∈Pij : l∈P

xP λij .

The expected number of successful transmissions on linkl is

∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v) (7)

given thatp(E ; v) is the fraction of time slots the transmission
setE is used when the network is in statev. The RTD policy
chooses each scheduleE with probability p(E ; v), but some-
times some other scheduleE ′ ⊂ E may be applied since nodes
may run out of packets to transmit. In such cases, due to as-
sumption (A1), the success probability over linkl ∈ E ′ does
not decrease, and (7) can be thought as a worst case success
rate. Eqn. (6) ensures that the traffic load over each link is less
than its worst case success rate. The following lemma asserts
that this intuitive condition is sufficient for network stability.

Lemma 1: If λ is feasible with scheduling vectorG and rout-
ing vectorH, then the RTD policy specified byG,H, λ stabi-
lizes the network with arrival rate(1− ε)λ for all ε > 0.

Proof: We use the so-called dominant system approach
(e.g., [14], [15], [17]–[19]). That is, we first analyze aheavy
loadednetwork where the nodes always have packets to send.
The heavy load assumption decouples the network stability
problem into a series of queues problem whose stability is es-
tablished using Loynes’ theory [36]. We then provide astochas-
tic ordering relation (e.g., [37]) between the normal network
(where the queues can be empty) and the heavy loaded net-
work. The stochastic order says that the buffer overflows are
more likely in the heavily loaded network. Therefore, the sta-
bility of the heavy loaded network implies the stability of the
normal one.

The more complicated, somewhat unexpected, part in the
proof is the stochastic ordering relation (Lemma 3) where we
need the assumption (A1). This assumption formalizes the no-
tion that the more is the number of transmissions, the less the

probability of success; therefore, the queue lengths tend to be
higher in the heavy loaded network. To prove the stochastic
order, we construct a probability space (where both the nor-
mal network and the heavy loaded network lives) in which it is
shown that the number of packets waiting in the heavy loaded
network is more than the number waiting in the normal network
with probability one.

See Appendix A for details.
Theorem 1:The stability and the flow regions are identical.

Proof: Lemma 1 shows that the rates inside the flow re-
gion are stabilizable. For the converse, see Appendix E.
From the definition of flow region in (6), we note that only the
marginal link success probabilitiesΠ(l; E , v) —not the joint
probabilities— determine the flow region and, therefore by
Theorem 1, the stability region.

Theorem 1 suggests a way to think about stability problems.
To check if rateλ is stabilizable, we need to find a distribution
G over schedules, and then we need to route packets accord-
ing to another distributionH such that the traffic over each link
is less than its success rate,i.e., rateλ is feasible withG and
H. This approach is essentially similar to the standard flow ap-
proach (e.g.,Ford and Fulkerson [38]) that assigns a fixed ca-
pacity to each network link, and routes as much flow as possible
from the sources to their destinations without violating the link
capacities. In our network the link capacities are determined by
the link success rates of a scheduling vectorG. For fixedG, the
standard flow approach [38] can be applied to obtain achievable
rates. Characterization of the stability region using flows is typ-
ical in many other wired and wireless stochastic networks (e.g.,
[2]–[9]).

R

T2T1

Fig. 1. An up-link network

It is interesting to notice that Theorem 1 crucially depends
on assumption (A1). In general, it is true that the stability re-
gion is inside the flow region, but in networks violating (A1)
feasible rates may not be stabilizable. For instance, consider
the network depicted in Fig. 1. Nodes T1 and T2 want to trans-
mit packets to nodeR. The network has a single state, and
there is a single class of traffic intended for nodeR. The chan-
nel reception probabilities are such that if the transmission is
E = {(T1, R), (T2, R)}, then the reception isF = {(T1, R)}
with probability 1. If E is φ, {(T1, R)} or {(T2, R)}, then
F = φ with probability 1. Namely, the packets ofT1 are suc-
cessfully received only ifT2 transmits at the same time, but in
any caseT2’s packets are not successfully received. The flow
region can be obtained as{(λ1, 0) : 0 ≤ λ1 ≤ 1} (thei’th entry
shows the rate achievable by thei’th transmitter). However, the
stability region is the set{(0, 0)}. To see this, observe that if the
arrival rate ofT1 is positive then the arrival rate ofT2 should be
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also positive; this is so, since the stabilization ofT1 requiresT2
to transmit simultaneously. However, ifT2 has positive arrival
rate, it goes unstable whatsoever. Hence, in any case, one of the
queues go unstable ifT1 or T2 has positive arrival rate. The as-
sumption (A1) does not hold in this network since the success
probability ofT1 increases whenT2 transmits simultaneously.
From this example we see that some additional conditions on
the channelπ are required in order to have the stability and the
flow regions the same.

Some familiar results about slotted ALOHA, [19, Thm. 1]
and, in part, [14, Thm. 4] can be obtained as special cases of
Lemma 1. This is because the slotted ALOHA protocol [39,
p. 348] can be viewed as a special RTD policy. In a slot-
ted ALOHA network, in case all nodes are backlogged, every
node flips a coin and chooses to transmit or to listen with a
certain probability. If a node decides to transmit, the neigh-
bor to transmit can be picked randomly according to a fixed
probability distribution. Such a mechanism is a special case of
assigning a probability distribution over the set of schedules—
the medium access in RTD. However, note that the scheduling
vectorG corresponding to the slotted ALOHA has aproduct
form since the transmission decisions are done independently
at different nodes (the decisions are allowed to be dependent
in general RTD). Further results about the stability of slotted
ALOHA with probabilistic receptions can be found in [32].

C. Capacity

In this subsection, we define the achievability of packet de-
livery rates and the capacity region. We then argue that the
capacity and the stability regions are the same in networks sat-
isfying assumption (A1).

In the capacity context each packet is identified with its
source and destination (a packet with sourcei and destination
j will be called an(i, j)-packet). The arrivals are not random.
Nonetheless, the network starts with infinite number of packets
waiting delivery at the source nodes,i.e., every nodei has in-
finitely many(i, j)-packets∀j 6= i. Let Wij(t) be the number
of (i, j)-packets successfully received by nodej in slot t.

Definition Rateλ = (λij ≥ 0 : i, j ∈ N ) is calledachievable
(c.f. [1]) if there exists a control policy such that the average
delivery rate is greater thanλ, i.e.,

lim inf
T→∞

1
T

T−1∑
t=0

Wij(t) ≥ λij for all i, j ∈ N

is satisfied with probability one. Thecapacity regionis the clo-
sure of the set of achievable rates.

With this definition, we can state the following result, which
is the achievability version of Lemma 1.

Lemma 2: If λ is feasible with scheduling vectorG and
routing vectorH, then the RTD policy4 specified byG,H, λ
achieves rate(1− ε)λ for all ε > 0.

Proof: See Appendix C.

4In a network applying RTD without random arrivals, we require the source
nodes to regulate their traffic entering the network. This condition is needed to
make the proof easier, and it is discussed in Appendix C

Theorem 2:The capacity and the flow regions are identical.
Proof: Lemma 2 shows that the flow region is inside the

capacity region. The converse is outlined in Appendix I.
Surprisingly, Theorem 2 is valid even without assumption

(A1). Let us motivate this with the example in the previous
subsection. We have observed thatT1 andT2 should trans-
mit together to achieve non-zero rates. However,T1’s packets
never get through and its buffer goes unstable when it has non-
zero arrival rates. In the capacity problem,T1 already has in-
finitely many packets, and stability is not an issue. Therefore,
every rate(λ1, 0), 0 ≤ λ1 ≤ 1, can be achieved ifT1 andT2
transmit together inλ1 fraction of the slots. This implies that
the capacity region is{(λ1, 0) : 0 ≤ λ1 ≤ 1} which is also the
flow region. As in this example, Lemma 2 holds in networks
without (A1), and the capacity and the flow regions are always
the same. We further discuss why this result is true in general
in Appendix D.

D. An Upper Bound Using Transport Capacity

In this subsection, we introduce the notion of transport capac-
ity, and develop an upper bound on the achievable rates using
the transport capacity. This upper bound is particularly useful in
large networks where the exact computation of capacity region
may not be computationally feasible.

Most of the wireless networks come with a notion of distance
metric telling how close two nodes are. Some commonly used
metrics are the Euclidean distance and the minimum number of
hops required to reach from one node to another. Letd(i, j)
be the distance between nodesi and j. The distance metric
d(i, j) is assumed to satisfy thetriangle inequality i.e.,for all
P ∈ Pij ,

d(i, j) ≤
∑

l∈P

d(l),

where we use the notationd(l) as a shorthand ford(t(l), r(l)).
The usual definition of metric puts additional constraints of
non-negativity and symmetry ofd(i, j) (e.g., Rudin [40]).
These constraints are not needed for the results in this paper.

The next proposition gives a necessary condition for achiev-
ability.

Proposition 1: Let rateλ be in the capacity (or equivalently,
in the stability or flow) region. Then,

∑

i,j∈N
λijd(i, j) ≤

∑

v∈V
p(v)

∑

l∈L
d(l)Π(l; Ev, v), (9)

where
Ev = arg max

E∈E

∑

l∈L
d(l)Π(l; E , v).

Proof: Let λ be feasible with a scheduling vectorG and a
routing vectorH. Then,

∑

i,j∈N
λijd(i, j)

≤
∑

i,j∈N

∑

P∈Pij

∑

l∈L:l∈P

xP λijd(l) (10)

=
∑

l∈L
d(l)

∑

i,j∈N

∑

P∈Pij :l∈P

xP λij
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≤
∑

l∈L
d(l)

∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v) (11)

≤
∑

v∈V
p(v)

∑

l∈L
d(l)Π(l; Ev, v),

where (10) follows from the triangle inequality and (11) holds
sinceλ is feasible.
An interpretation of Proposition 1 is as follows. The quantity∑

i,j∈N λijd(i, j) can be viewed as the amount of work that
needs to be done for carrying packets with rateλ. Similarly,∑

l∈L d(l)Π(l; E , v) is the expected progress, or work done, by
using scheduleE ∈ E . We call the right hand side of (9)

∑

v∈V
p(v)

∑

l∈L
d(l)Π(l; Ev, v)

as thetransport capacity[1], which is the expected progress
averaged overv, maximized with respect toE for eachv. Infor-
mally speaking, Proposition 1 says that the total work that can
be done by the network is always less than its transport capacity.

Definition Rate λ′ > 0 is called uniformly-achievableif
(λ′ 1(i 6= j) : i, j ∈ N ) is in the capacity region, where1(·)
is the indicator function. Thenetwork capacity(denoted byη)
is N −1 times the maximum of the uniformly-achievable rates.
(Multiplication by N − 1 gives the per-node throughput,i.e.,
the sum rate delivered from a node to the otherN − 1 nodes.)

This notion of network capacity (with a different scaling) was
previously used by Toumpis and Goldsmith [41]. The following
theorem readily follows from Proposition 1 and the definition of
η.

Theorem 3:An upper bound on the network capacity is
given by

η ≤ 1
L̄N

∑

v∈V
p(v)

∑

l∈L
d(l)Π(l; Ev, v), (13)

whereL̄ is the average distance between two arbitrarily selected
nodes,i.e.,

L̄ =
1

N(N − 1)

∑

i,j∈N
d(i, j),

and
Ev = arg max

E∈E

∑

l∈L
d(l)Π(l; E , v).

Proof: Substituteλij = λ′ in (9). After rearranging (9),
observe that(N − 1)λ′ is less than the right hand side of (13)
for all λ′.

Theorem 3 is the main tool we will use for upper bounding
the capacities of the regular networks in Part II. Recall that in
our original formulation of feasibility we need to check the ex-
istence of two things: a scheduling vector and a routing vector.
Theorem 3 simplifies our job by eliminating the routing vectors
from the formulation. Even though the upper bound provided
by Theorem 3 is not achievable in general, we will see that it is
achievable in regular networks. Furthermore, we will observe
another advantage of Theorem 3 in regular networks: It holds
not only for the Euclidean metric but also for any metric satis-
fying the triangle inequality.

IV. CONCLUSION

In this paper, we considered a general probabilistic model for
wireless networks, and studied the network stability as well as
the network capacity. We have characterized the stability and
capacity regions using network flows. We have also introduced
a class of policies sufficient to achieve stability and capacity.
In the considered model the capacity and stability regions are
not identical in general. However, we have given a mild condi-
tion under which the stability and the capacity regions are the
same. We have also provided a simple necessary condition for
achievability using the transport capacity.

In Part II [20], we apply the RTD policies and the flow anal-
ysis to the ring and Manhattan networks. We obtain a closed-
form expression for the capacity of Manhattan networks and
analyze the impact of link fading, link state information and
the topology information on achievable rates. We also compare
a suboptimal scheme that uses ALOHA as its medium access
to the optimal policy that jointly optimize medium access and
routing. We finally examine the effect of variable connectivity
on the capacity of Manhattan and ring networks.

APPENDIX

A. Lemma 1: Feasibility Implies Stability

Throughout this section we consider the stability setting: the
packet arrivals are random, and the nodes start operation with
empty queues. We will analyze an RTD policy determined by
scheduling vectorG, routing vectorH andλ = (λij : i, j ∈
N ). A network with an RTD policy operates as if the packets
are classified according to their routes.5 We call a packet with
routeP as aP -packet; letq(P ) denote the destination node of
routeP . We will use the following notation for (1):

ni,P (t + 1)

=





ni,P (t)−∑
l∈L: t(l)=i Fl,P (t, E(t), v(t))

+
∑

l∈L: r(l)=i Fl,P (t, E(t), v(t)) + Ai,P (t), if i 6= q(P )

0, if i = q(P ).
(16)

Here,ni,P denotes the number ofP -packets at thei’th node;
Ai,P , Fl,P , El,P are defined similarly. We replace the notation
for Fl,P (t) by Fl,P (t, E(t), v(t)) that also indicates the state
v(t) and the transmissionsE(t).

Let Dl,P (t) be equal to1 if the RTD policy has chosen to
transmit a packet with routeP over link l, and0 otherwise.
Recall that even thoughDl,P (t) is 1, a packet over linkl is not
transmitted if the scheduled transmitter does not have anyP -
packetsi.e.,nt(l),P = 0. This definition helps us to express the
operation of the RTD policy concisely:

E(t) = ( El,P (t) = Dl,P (t)1(nt(l),P (t) > 0) : l ∈ L, P ∈ P).
(17)

Now, we are in a position to describe the heavy loaded net-
work. DefineD(t) = (Dl,P (t) : l ∈ L, P ∈ P). The queue

5The arrival rates scale accordingly,i.e., for λ = (λij : i, j ∈ N ), the
arrival rate of packets with routeP ∈ Pij is λijxP .
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lengthsn∗i,P (t) in a heavy loaded network evolve as follows:

n∗i,P (t + 1) = n∗i,P (t) + Ai,P (t)

−
∑

l∈L: t(l)=i

Fl,P (t,D(t), v(t)) 1(n∗t(l),P (t) > 0)

+
∑

l∈L: r(l)=i

Fl,P (t,D(t), v(t)) 1(n∗t(l),P (t) > 0), (18)

if i 6= q(P ). To obtain (18) from (16), we moved the1(·) in
(17) to the outside ofF (·) as a multiplicative factor. In the
normal network the nodes which are scheduled to transmit may
not transmit since they may not have a packet to transmit. In
the heavy loaded network, on the contrary, the receptionsF (·)
are determined as if the set of transmissions isD(t) in each
slot. We use the term “heavy loaded” becauseE(t) = D(t) is
possible only if every scheduled transmitter has packets waiting
all the time,i.e., the nodes are heavily loaded.

The following proposition asserts the stability of the heavy
loaded network.

Proposition 2: Let λ be feasible withG andH. For ε > 0,
let the arrival rate ofP -packets (P ∈ Pij) be

λP = (1− ε)λijxP .

Then, the nodes in the heavy loaded network are stable,i.e., for
eachi, P there existsW (·) such that

lim
t→∞

Pr{n∗i,P (t) ≤ θ} = W (θ) and lim
θ→∞

W (θ) = 1. (20)

Furthermore,1t n
∗
i,P (t)→0 almost surely ast→∞.

Proof: In a network with an RTD policy, packets with a
routeP follow a series of queues. The stability of the network
follows from a standard application of Loynes’ theory [36] for
series of queues. In the following, we will discuss the rationale
behind the proposition.

Let l be a link in pathP . The analysis of the heavy loaded
network is much simpler than the normal network, because the
event of successful transmission ofP -packets over linkl does
not depend on queue lengths at other nodes. That is, regard-
less of what is happening at the other queues, theP -packets
are successfully transmitted over linkl according to the pro-
cess(Fl,P (t,D(t), v(t)) : t ∈ Z+), and it is the mean of this
process that determines the stability.

From the definition of RTD policies, it follows that the mean
of Fl,P (·) is

E{ Fl,P (t,D(t), v(t)) } =

Q(P, l)
∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v).

If P ∈ Pij , then because of feasibility (6) and the definition of
Q(P, l),

λijxP ≤ E{ Fl,P (t, D(t), v(t)) }.
Moreover, since the arrival rate ofP -packetsλP is strictly
smaller thanλijxP , it follows that

λP < E{ Fl,P (t,D(t), v(t)) }.

This is the condition required for stability in Loynes’ theory:
arrival rate for classP (left hand side) is strictly smaller than
the expected number ofP -packets transmitted over linkl (right
hand side) for each linkl ∈ P . The second statement of the
proposition, 1

t n
∗
ij(t)→0 almost surely, follows from the con-

vergence arguments in Section 2.32 [36].
Next lemma gives the previously mentioned stochastic order-

ing relation.
Lemma 3:For eachP ∈ P, the total number ofP -packets

in the heavy loaded network is stochastically larger than the
total numberP -packets in the normal network,i.e.,

Pr(
∑

i∈N
n∗i,P (t) > θ) ≥ Pr(

∑

i∈N
ni,P (t) > θ), (21)

for all t andθ. Moreover, under the conditions in Proposition 2,
1
t ni,P (t)→0 almost surely ast→∞.

Proof: See Appendix B.
Now we can prove the stability of the network without heavy

loaded transmissions. Under the conditions in Proposition 2,
(20) implies that eachn∗i,P (t) is a substable sequence. Sums of
nonnegative substable sequences is substable (see Szpankowski
[17]), therefore,

∑
i∈N n∗i,P (t) is substable. From (21), this

implies that
∑

i∈N ni,P (t) is substable. Since a nonnegative
sequence smaller than a substable sequence is substable, each
ni,P (t) in the normal network is substable. Again using the
fact that sum of substable sequences is substable, we see that
eachni(t) =

∑
P∈P ni,P (t) is substable. Hence, the proof of

Lemma 1 is complete.

B. Stochastic Ordering - Proof of Lemma 3

When two random vectorsX andY have the same distribu-
tion, we writeX

d= Y . Let {0, 1}LC be the set of all vectors
of the formX = (Xl,P ∈ {0, 1} : l ∈ L, P ∈ P). For deter-
ministic X, Y in {0, 1}LC we say thatX ≤ Y if Xl,P ≤ Yl,P

for all l, P . Define the product vector as

XY = (Xl,P Yl,P : l ∈ L, P ∈ P).

Let X, Y be two{0, 1}LC valued random vectors such that

Pr{X ≥ Z} ≤ Pr{Y ≥ Z} for all Z ∈ {0, 1}LC .
Then,X is said to be smaller thanY in the usual stochastic
order (denoted byX ≤st Y ).

There are several ways to look at the stochastic ordering rela-
tions. One approach is provided by the definition above which
does not restrictX andY to be defined in the same probability
space. However, there is another, sometimes more convenient,
way of looking at stochastic order. IfX ≤st Y , then this equiv-
alent approach (given as Theorem 4.B.1 in [37]) constructs new
random vectorsX̂ and Ŷ in some probability space such that

X̂
d= X, Ŷ

d= Y and X̂ ≤ Ŷ with probability 1. In other
words, we can view the stochastic order as the usual order in an
appropriate probability space.

In the proof of Lemma 3, it is the second approach we will
be using. We will construct two new stochastic processes (one
mimicking the normal network, the other mimicking the heavy
loaded one) such that the stochastic order relation given in
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Lemma 3 can be viewed as the usual order in some appropriate
space. Our plan is as follows. We will first show the existence
of this new space. Then we will observe the results in Lemma
3 in the new space, and discuss the equivalence of the newly
constructed network and the real network.

One useful property of the stochastic order is provided below.
Theorem 4:Let X, Yi be {0, 1}LC valued random vectors,

andZi be a (deterministic) vector in{0, 1}LC , i = 1, 2, · · · , r.
If

XZi ≤st YiZi i = 1, 2, · · · , r

then there exists random vectorŝX, Ŷi defined on the same

probability space such that̂X
d= X, Ŷi

d= Yi and X̂Zi ≤
ŶiZi with probability 1,i = 1, 2, · · · , r.

Proof: This theorem is a straightforward extension of
Theorem 4.B.1 in [37], and its proof is omitted.

The next lemma is the major step in constructing the new
network processes. Recall that for vectorsE, F, D in {0, 1}LC ,
the setsE ,F andD are defined asE = {l ∈ L : El,P =
1 for someP ∈ P}, F = {l ∈ L : Fl,P = 1 for someP ∈
P},D = {l ∈ L : Dl,P = 1 for someP ∈ P}.

Lemma 4:There exists a set of{0, 1}LC valued random vec-
tors

I = {I(E, D, v) : E,D ∈ {0, 1}LC , E ≤ D, v ∈ V},

defined on the same probability space, such that for every ran-
dom vectorI(E, D, v) ∈ I,

i) I(E,D, v) is distributed according toπ(· ; E , v). That is,
Pr{I(E,D, v) = F} = π(F ; E , v) for every vectorF in
{0, 1}LC .

ii) I(D, D, v)E ≤ I(E, D, v) with probability 1.

Proof: Let X, Y, Z be vectors in{0, 1}LC such thatX ≤
Y . Observe that

ZY ≥ X if and only if Z ≥ X. (22)

Let I(D, D, v), I(E,D, v) be random vectors satisfying i). Ob-
serve that

I(E, D, v)E = I(E, D, v). (23)

This is becausePr{I(E, D, v) = F} > 0 only if F ≤ E,
which implies thatFE = F .

We claim that

I(D,D, v)E ≤st I(E,D, v)E. (24)

To see this, consider a vectorF in {0, 1}LC such thatF ≤ E.

Pr{I(D,D, v)E ≥ F} = Pr{I(D,D, v) ≥ F}
= Π(F ;D, v)
≤ Π(F ; E , v)
= Pr{I(E,D, v) ≥ F}
= Pr{I(E,D, v)E ≥ F}.

The first equality is due to (22). The second and third equalities
are becauseI(D, D, v), I(E,D, v) are random vectors satisfy-
ing i). The last equality is due to (23). The inequality is because
of E ≤ D and assumption (A1).

We can apply Theorem 4 as a result of (24). For this, fix
someD andv. SetX = I(D, D, v), Yi = I(E,D, v), Zi = E
such that eachE ≤ D corresponds to a differentZi. Theorem
4 says that there exists a probability space such that we can
define random vectors{I(E,D, v) : E ≤ D} satisfying i) and
I(D,D, v)E ≤ I(E, D, v)E. Also notice thatI(E, D, v)E =
I(E,D, v) holds due to (23).

We have shown the existence of the space of random vectors
{I(E,D, v) : E ≤ D} satisfying i) and ii) for fixedD and
v. These sets of random vectors for differentD andv can be
put into the same probability space since the involved random
vectors are discrete. Therefore, a set of random vectorsI satis-
fying i) and ii) exists in some probability space and the lemma
follows.

Next, we will define new stochastic processes. Suppose that
we have a vector valued stochastic process{I(t) : t ∈ Z+}
such that each entry

I(t) = {I(t, E, D, v) : E, D ∈ {0, 1}LC , E ≤ D, v ∈ V},

is i.i.d. distributed same asI in the previous lemma. We define
thenormalm-networkwith the following:

mi,P (t + 1) = mi,P (t)−
∑

l∈L: t(l)=i

Il,P (t, E(t), D(t), v(t))

+
∑

l∈L: r(l)=i

Il,P (t, E(t), D(t), v(t)) + Ai,P (t).

Above, the notationmi,P (t) refers to the queue length, and the
rest are as before. The queue length processes in the normal
network (16) and the normalm-network are indistinguishable.
That is, it can be easily checked by induction overr that the
joint distribution of queue lengths{(ni,P (t) : i ∈ N , P ∈
P), t = 1, 2, · · · , r} and{(mi,P (t) : i ∈ N , P ∈ P), t =
1, 2, · · · , r} are the same for allr. This result basically follows
from property i) of the previous lemmai.e.,eachI(t, E,D, v) is
distributed according toπ( ; E , v). Since all joint queue length
distributions are the same it follows that

Pr(
∑

i∈N
ni,P (t) > θ) = Pr(

∑

i∈N
mi,P (t) > θ) (25)

for all θ. Moreover,

1
t
ni,P (t)→0 w.p.1 if and only if

1
t
mi,P (t)→0 w.p.1, (26)

ast→∞, where w.p.1 stands for with probability 1.
Similarly, we define the heavy loadedm-network as:

m∗
i,P (t + 1) = m∗

i,P (t) + Ai,P (t)

−
∑

l∈L: t(l)=i

Il,P (t,D(t), D(t), v(t)) 1(m∗
t(l),P (t) > 0)

+
∑

l∈L: r(l)=i

Il,P (t,D(t), D(t), v(t)) 1(m∗
t(l),P (t) > 0),

if i 6= q(P ). Just as the normalm-network mimics the behavior
of the normal network, the heavy loadedm-network mimics the
heavy loaded network (18). That is, the joint distribution of
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queue lengths{(n∗i,P (t) : i ∈ N , P ∈ P), t = 1, 2, · · · , r}
and{(m∗

i,P (t) : i ∈ N , P ∈ P), t = 1, 2, · · · , r} are the same
for all r. Therefore, it is true that

Pr(
∑

i∈N
n∗i,P (t) > θ) = Pr(

∑

i∈N
m∗

i,P (t) > θ) (27)

for all θ. Moreover,
1
t
n∗i,P (t)→0 w.p.1 if and only if

1
t
m∗

i,P (t)→0 w.p.1, (28)

ast→∞.
Next, we will see that∑

i∈N
m∗

i,P (t) ≥
∑

i∈N
mi,P (t), (29)

holds with probability 1, for all P, t. This inequal-
ity is due to the property ii) of the last lemma: if
El,P (t) · Il,P (t,D(t), D(t), v(t)) = 1 for some i, P then
Il,P (t, E(t), D(t), v(t)) = 1. Observe thatEl,P (t) ·
Il,P (t,D(t), D(t), v(t)) = 1 if and only if El,P (t) = 1 (a
P -packet is transmitted over linkl in the normalm-network)
and Il,P (t,D(t), D(t), v(t)) = 1 (a P -packet is success-
fully transmitted over linkl in the heavy loadedm-network if
m∗

t(l),P (t) > 0). According to Property ii) these two events
imply that Il,P (t, E(t), D(t), v(t)) = 1 (P -packet is success-
fully transmitted over linkl in the normalm-network). That
is, we can simply say that if a packet is successfully transmit-
ted in the heavy loadedm-network in slott, then in the normal
m-network either a packet is successfully transmitted in slott,
or the transmitter queue is empty, which means that all pack-
ets have already been transmitted. This reasoning, by induction
overt, leads to (29).

Because of (29),

Pr(
∑

i∈N
m∗

i,P (t) > θ) ≥ Pr(
∑

i∈N
mi,P (t) > θ) (30)

holds for allθ. Equations (30), (25) and (27) give (21).
In Lemma 2 we have shown that1

t n
∗
i,P (t)→0 with probabil-

ity 1 as t→0. Due to (28), we have1t m
∗
i,P (t)→0 with prob-

ability 1. Since the queue lengths are nonnegative processes,
inequality (29) gives1t mi,P (t)→0 with probability 1. And, as
a result of (26), it is true that1t ni,P (t)→0 with probability 1, as
required.

C. Proof of Lemma 2

First, let’s assume that the arrivals in the network are ran-
dom as considered in Appendix A. Lemma 3 shows that
1
t ni,P (t)→0, for all i ∈ N , P ∈ P. This implies that the
delivery rate ofP -packets is equal to the arrival rateλP =
(1− ε)λijxP . Therefore, the total delivery rate of packets from
i to j is

∑
P∈Pij

λP = (1− ε)λij .
In the capacity problem, every node has infinitely many pack-

ets waiting to be delivered, and the arrivals are not random.
However, if the source nodesregulatethe traffic incoming to
the network and operate as if the arrivals are random, then the
result in the previous paragraph is applicable. What we mean
by regulation is that nodei should introduce its(i, j)-packets
into the network with rateλij according to a stationary and er-
godic process. Given that the nodes operate in this way the rate
(1− ε)λ is achieved by the RTD policy, and Lemma 2 follows.

D. Achievability of Flow Region Without Assumption (A1)

For the argument in the previous section we need assump-
tion (A1), which is used in Lemma 3. However, it is in general
true that all rates inside the flow region are achievable. To see
this, we will consider a slightly modified form of RTD poli-
cies: if a P -packet chosen for transmission over linkl (i.e.,
Dl,P (t) = 1), but the transmitter nodet(l) doesn’t have anyP -
packet, then let nodet(l) transmit another packet with source
t(l) and destinationr(l) over link l (there are infinitely many
such packets in nodet(l)’s buffer). Besides these extra packet
transmissions, the network under this policy operates no dif-
ferent from a heavy loaded network; specifically, the reception
statistics is determined according to the set of transmissions
D(t) = {l ∈ L : Dl,P (t) = 1 for someP}, which is the same
in the heavy loaded network. The results of Proposition 2 hold
also for this network. Proposition 2 implies that delivery rate
λP is achieved for eachP ∈ P, and therefore(1 − ε)λ is
achieved.

E. Theorem 1: Stability Implies Feasibility

In this appendix we prove the converse part of Theorem 1.
Our proof is constructive. We will consider a stable network
with arrival rateλ, and by using certain statistics of the network,
we will construct a scheduling vectorG and a routing vectorH
that makeλ − ε1λ ≥ 0 feasible, whereε > 0, and1λ is a
shorthand for( 1(λij > 0) : i, j ∈ N ).

By adding up equations fort = 1, 2, · · · , T in (1), we see
that

nij(T ) =
T−1∑
t=0


Aij(t) +

∑

l∈L: r(l)=i

Flj(t)−
∑

l∈L: t(l)=i

Flj(t)


 (31)

holds for allT ∈ Z+, i 6= j. The following lemma relates
stability with the expected queue length.

Lemma 5: If the network is stable, then for alli ∈ N ,

1
t
Eni(t)→ 0 as t →∞.

Proof: See Appendix F
Suppose that at time instantT ∈ Z+

E{ 1
T

∑

i∈N
ni(T )} < ε (32)

is satisfied. Existence of such aT is guaranteed by the previous
Lemma. Define

p(E ; v) ∆=
1
T

T−1∑
t=0

Pr{E(t) = E|v(t) = v}, (33)

and the scheduling vectorG = (p(E ; v) : v ∈ V, E ∈ E ).
Lemma 6:The scheduling vectorG defined by (33) satisfies

∑

j∈N
E{ 1

T

T−1∑
t=0

Flj(t)} =
∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v),

for all l ∈ L.
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Proof: See Appendix G
Define

elj = E{ 1
T

T−1∑
t=0

Flj(t)},

γij = E{ 1
T

nij(T )}.

The next proposition provides a routing vectorH which will be
used to show the feasibility ofλ− ε1λ.

Proposition 3: Given ε > 0 and the vectors(elj ≥ 0 : l ∈
L, j ∈ N ), λ = (λij ≥ 0 : i, j ∈ N ), γ = (γij ≥ 0 : i, j ∈
N ) such that for alli, j ∈ N , i 6= j,

(i) λij − γij =
∑

l∈L: t(l)=i

elj −
∑

l∈L: r(l)=i

elj , (34)

(ii) λjj = γjj =
∑

l∈L: t(l)=j

elj = 0, (35)

(iii)
∑

i,j∈N
γij < ε, (36)

(iv) λ− ε1λ ≥ 0, (37)

are satisfied. Then, there exists a routing vectorH = (xP ≥
0 : P ∈ P) such that

∑

i,j∈N

∑

P∈Pij : l∈P

xp(λij − ε1(λij > 0)) ≤
∑

j∈N
elj (38)

holds for alll ∈ L.
Proof: See Appendix H.

Next, we will argue thatλ − ε1λ is feasible. When we mul-
tiply both sides in (31) by1T and take the expectation, we see
that condition 3(i) is satisfied. Condition 3(ii) holds as a result
of our particular choices forγ and(elj : l ∈ L, j ∈ N ). Con-
dition 3(iii) holds because of (32). Therefore, all conditions of
Proposition 3 are satisfied, and we can apply it. Proposition 3
guarantees the existence ofH satisfying (38). Lemma 6 gives

∑

j∈N
elj =

∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v).

The previous equality, together with (38), implies

∑

i,j∈N

∑

P∈Pij : l∈P

xP (λij − ε1(λij > 0))

≤
∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v),

for all l ∈ L. That is,λ− ε1λ is feasible.

F. Proof of Lemma 5

Define Gij(t) =
∑

l∈L: r(l)=i Flj(t) and Hij(t) =∑
l∈L: t(l)=i Flj(t). With these definitions, we can write (31)

as

nij(T ) =
T−1∑
t=0

[Aij(t) + Gij(t)−Hij(t)] . (39)

If the network is stable, the following is satisfied.

lim
θ→∞

lim sup
t→∞

Pr{ni(t) > θ} = 0, for all i ∈ N .

Now, pick ani ∈ N . For all θ, ε > 0, there existst0 such
that for all t > t0, Pr{ni(t) > tε} ≤ Pr{ni(t) > θ}. First,
consider the limitt →∞,

lim sup
t→∞

Pr{ni(t) > tε} ≤ lim sup
t→∞

Pr{ni(t) > θ}.

Then, letθ→∞,

lim sup
t→∞

Pr{ni(t) > tε} ≤ lim
θ→∞

lim sup
t→∞

Pr{ni(t) > θ}
= 0.

This means that1t ni(t)
P−→0, where

P−→ denotes convergence
in probability. Pick an arbitraryj ∈ N . Sincenij(t) is nonneg-

ative and less thanni(t), 1
t nij(t)

P−→0. Write (39) as

1
t

t−1∑
r=0

Aij(r)− 1
t

t−1∑
r=0

[Hij(r)−Gij(r)] =
1
t
nij(t)

P−→0. (41)

Since(Aij(t) : t ∈ Z+) is ergodic,

lim
t→∞

1
t

t−1∑
r=0

Aij(r) = λij

almost surely. Hence, we have

Jij(t)
∆=

1
t

t−1∑
r=0

[Hij(r)−Gij(r)]
P−→ λij . (42)

Observe that|Hij(t)| ≤ |L| and|Gij(t)| ≤ |L| for all t. There-
fore, |Jij(t)| ≤ 2|L|. This boundedness property, together with
(42), implies thatEJij(t)→λij . When we take expectation of
both sides in (41),

1
t
Enij(t) = λij − EJij(t)→0.

The lemma follows.

G. Proof of Lemma 6

The key step in the proof is observing that

E{
∑

j∈N
Flj(t) | E(t) = E , v(t) = v} = Π(l; E , v)

holds for allE , v, l, t (this directly follows from the definition of
Π(·)). The following sequence of equalities lead to the required
lemma. For everyl ∈ L,

∑

j∈N
E{ 1

T

T−1∑
t=0

Flj(t)} =
1
T

T−1∑
t=0

E{
∑

j∈N
Flj(t)}
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=
1
T

T−1∑
t=0

∑

v∈V,E∈E

E{
∑

j∈N
Flj(t) | E(t) = E , v(t) = v}

Pr{E(t) = E , v(t) = v}

=
1
T

T−1∑
t=0

∑

v∈V,E∈E

Π(l; E , v) Pr{E(t) = E|v(t) = v}p(v)

=
∑

v∈V,E∈E

Π(l; E , v)
1
T

T−1∑
t=0

Pr{E(t) = E|v(t) = v}p(v)

=
∑

v∈V,E∈E

Π(l; E , v)p(E ; v)p(v).

H. Flow Vectors - Proof of Proposition 3

First, we will introduce some definitions and lemmas. The
proof of Proposition 3 will be given at the end of this section.
For a given network with nodesN and linksL, a vectorE =
(el ≥ 0 : l ∈ L) will be called aflow vector. For a given flow
vectorE, for everyi ∈ N define

fi(E) ∆=
∑

l∈L: t(l)=i

el −
∑

l∈L: r(l)=i

el

as theflow from nodei into the network.
A loop in a network is defined as an orderedm-tuple of links

(l1, l2, · · · , lm) ∈ Lm such that the following is satisfied.
(i) r(lm) = t(l1)
(ii) r(li) = t(li+1), i = 1, 2, · · · ,m− 1

(iii) (r(l1), r(l2), · · · , r(lm)) is a path.
Denote the set of all loops withL . In a flow vectorE, the flow
across a loopL ∈ L is defined as

flow(L,E) ∆= min{el1 , el2 , · · · , elm}.

A flow vectorwithout loopsis a flow vectorE such that for any
loopL, flow(L,E) = 0.

Lemma 7:Let E = (el : l ∈ L) be a flow vector. There
exists a flow vector without loopŝE = (êl : l ∈ L) satisfying
the following

(i) 0 ≤ êl ≤ el, for all l ∈ L.
(ii) The flow of each node inE and Ê are the same,i.e.,

fi(E) = fi(Ê), ∀i ∈ N .
Proof: For a loopL = (l1, l2, · · · , lm) and a linkl, we

say thatl ∈ L if l = lk for somek between 1 andm. In order
to prove the lemma, we will give an algorithm that eliminates
all loops inE step by step.

Suppose thatL = {L1, L2, · · · , L|L |}. We will usek as an

index variable. Initializek = 1, and setÊ = E. Then apply
the following operation on the entries of̂E,

For all l ∈ Lk, changêel to êl − flow(Lk, Ê).

We can see that after this operation (i) and (ii) are satis-
fied. Next, incrementk and continue this procedure fork =
1, 2, · · · , |L | one by one. In the end, we not only end up with
a vectorÊ without loops, but also the final̂E satisfies (i) and
(ii) since after each step they are satisfied.

Fix a j ∈ N . Define

Ej = (elj : l ∈ L). (43)

In the flow vectorEj , if λij > 0 holds for some nodei, then
fi(Ej) = λij − γij as given in (34). Furthermore, due to (36)
and (37) ifλij > 0 thenfi(Ej) > 0. On the other hand, if
λij = 0 thenfi(Ej) = −γij ≤ 0. Hence,λij > 0 if and only
if fi(Ej) > 0.

If fi(Ej) > 0, node i will be called asource node. If
fi(Ej) < 0, nodei will be called anaccumulation node. If V =
(l1, l2, · · · , ln) ∈ Ln andln+1 ∈ L then defineV ⊕ (ln+1) =
(l1, l2, · · · , ln, ln+1), (ln+1) ⊕ V = (ln+1, l1, l2, · · · , ln}. If
V = φ, thenV ⊕ (ln+1) = (ln+1)⊕ V = (ln+1).

Lemma 8:Let Ej be the flow vector defined in (43). There
exists a flow vector without loopŝEj = (êlj : l ∈ L) satisfy-
ing

(i) 0 ≤ êlj ≤ elj , for all l ∈ L.
(ii) Exceptj, there does not exist any accumulation node in

Êj , i.e., for all i 6= j, fi(Êj) ≥ 0.
(iii) If i ∈ N is a source node, thenfi(Êj) > λij − ε.

Proof: We will give an algorithm for obtaininĝEj from
Ej . First apply the algorithm in Lemma 7 and obtain a flow
vector without loopŝEj from Ej .

(A) Check if there exist an accumulation nodei 6= j in Êj . If
there is no other accumulation node, terminate.

(B) SetV = φ.
(C) For nodei, fi(Êj) ≤ 0 is satisfied, and there exists a link

l such thatr(l) = i andel 6= 0. SetV to (l)⊕ V .
a) If t(l) is a source node then for alll ∈ V changêelj

to êlj −min{êlj : l ∈ V }. Go to step (A).
b) If t(l) is not a source node thenft(l)(Êj) ≤ 0. Set

i = t(l) and go to step (C).
In part (C),V does not form a loop at any time (i.e., V /∈ L )
since the flow vector does not contain any loops. Part (C) termi-
nates in finite number of steps since there exists finitely many
nodes that can be visited, and a node can not be visited more
than once. The algorithm terminates in finite number of steps
since there are finitely many nodes and paths in the network,
and due to decrease ofêlj ’s in part (C)-(a), if a path is followed
once, it can not be followed once more. We can check the prop-
erties (i) to (iii):

(i) Holds because at each stepêlj non-increases.
(ii) Holds since the algorithm eliminates all accumulation

nodes exceptj.
(iii) Holds because

∑
i γij < ε, and the removal ofγij from

the accumulation nodes decreases the flow from each
source node at most

∑
i γij .

Proof: (Proposition 3)For eachj ∈ N defineEj as in
(43), and apply the algorithm in Lemma 8 to obtainÊj . Initial-
ize(yP = 0 : P ∈ P). For eachi, j ∈ N , λij−ε1(λij > 0) >
0, apply the following algorithm:
(A) If fi(Êj) > 0 continue, otherwise terminate.
(B) SetV = φ, andk = i.
(C) fk(Êj) ≥ 0 and there exists a linkl ∈ L such thatt(l) =

k andêlj > 0. SetV to V ⊕ (l).
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a) If r(l) = j, then setyV = min{êlj : l ∈ V }. For
all l ∈ V changêelj to êlj −min{êlj : l ∈ V }. Go
to step (A).

b) If r(l) 6= j, then setk = r(l) and go to step (C)
Due to Lemma 8(ii), we can make sure that in part (C) there
exists a linkl ∈ L such thatt(l) = k andêlj > 0.

In the end,(yP : P ∈ P) generated by the algorithm satis-
fies the following:

(i) Due to Lemma 8(i),∀j ∈ N ,

∑

i∈N

∑

P∈Pij : l∈P

yP ≤ elj . (44)

(ii) Due to Lemma 8(iii),∀i, j ∈ N ,

λij − ε1(λij > 0) ≤
∑

P∈Pij

yP . (45)

For eachi, j ∈ N , P ∈ Pij , define

xP
∆=

{
yPP

P∈Pij
yP

, if λij − ε1(λij > 0) > 0

0, otherwise.
(46)

We can check that for eachj ∈ N , l ∈ L,

∑

i∈N

∑

P∈Pij : l∈P

xP (λij − ε1(λij > 0)) ≤
∑

i∈N

∑

P∈Pij : l∈P

yP

≤ elj . (47)

The first inequality follows from (45) and (46). The second one
is due to (44). As a result of (47),(xP : P ∈ P) satisfies (38),
and the proposition follows.

I. Theorem 2: Achievability Implies Feasibility

With minor modifications, we can use the same techniques
employed in proving the stability implies feasibility (Appendix
E). If λ = (λij : i, j ∈ N ) is achievable, then by Fatou’s
lemma, for alli, j ∈ N ,

λij ≤ E

{
lim inf
T→∞

1
T

T−1∑
t=0

Wij(t)

}

≤ lim inf
T→∞

1
T

T−1∑
t=0

E{Wij(t)}.

Suppose that at timeT ∈ Z+, for all i, j ∈ N ,

λij − ε1(λij > 0) ≤ 1
T

T−1∑
t=0

E{Wij(t)}.

To show thatλ−ε1λ ≥ 0 is feasible for allε > 0, we can define
the scheduling vectorG = (p(E ; v) : v ∈ V, E ∈ E ) as in (33),
and the other quantitieselk, γik similar to the ones defined in
Appendix E. Then, an algorithm almost identical to the one
used in Appendix H can be used to constructH showing that
λ− ε1λ is feasible.

REFERENCES

[1] P. Gupta and P. R. Kumar, “The capacity of wireless networks,”IEEE
Trans. Inform. Theory, vol. 46, no. 2, pp. 388–404, March 2000.

[2] L. Tassiulas and A. Ephremides, “Stability properties of constrained
queueing systems and scheduling for maximum throughput in multihop
radio networks,”IEEE Trans. Automat. Contr., vol. 37, no. 12, pp. 1936–
1949, December 1992.

[3] L. Tassiulas, “Scheduling and performance limits of networks with con-
stantly changing topology,”IEEE Trans. Inform. Theory, vol. 43, no. 3,
pp. 1067–1073, May 1997.

[4] L. Tassiulas and A. Ephremides, “Dynamic server allocation to parallel
queues with randomly varying connectivity,”IEEE Trans. Inform. The-
ory, vol. 39, pp. 466 – 478, March 1993.

[5] L. Tassiulas, “Linear complexity algorithms for maximum throughput
in radio networks and input queued switches,” inIEEE INFOCOM ’98,
vol. 2, 1998, pp. 533–539.

[6] M. Andrews, K. Kumaran, K. Ramanan, A. L. Stolyar, R. Vijayakumar,
and P. Whiting, “CDMA data QoS scheduling on the forward link with
variable channel conditions,” Bell Laboratories, Tech. Rep., April 2000.

[7] S. Shakkottai and A. Stolyar, “Scheduling for multiple flows sharing a
time-varying channel: the exponential rule,” 2002, translations of the
AMS, A volume in memory of F. Karpelevich, Providence, R.I.: Ameri-
can Mathematical Society.

[8] M. Andrews, K. Kumaran, K. Ramanan, S. Stolyar, R. Vijayakumar, and
P. Whiting, “Providing quality of service over a shared wireless link,”
IEEE Commun. Mag., February 2001.

[9] S. Shakkottai and A. Stolyar, “Scheduling algorithms for a mixture of
real-time and non-real-time data in HDR,” Bell Labs, Tech. Rep., 2000.

[10] A. Eryilmaz, R. Srikant, and J. Perkins, “Stable scheduling policies for
fading wireless channels,” submitted, 2002.

[11] E. M. Yeh and A. S. Cohen, “Throughput and delay optimal resource
allocation in multiaccess fading channels,” inProceedings of the 2003
International Symposium on Information Theory, Yokohama, Japan, June
29-July 4 2003.

[12] M. Neely, E. Modiano, and C. E. Rohrs, “Power allocation and routing
in multi-beam satellites with time varying channels,”IEEE/ACM Trans.
Networking, vol. 11, no. 1, pp. 138–152, Feb. 2003.

[13] ——, “Dynamic power allocation and routing for time varying wireless
networks,” inIEEE INFOCOM ’03., San Francisco, CA, Mar. 30-Apr. 3
2003.

[14] B. S. Tsybakov and V. L. Bakirov, “Packet transmission in radio net-
works,” Probl. Inform. Transmission, vol. 21, no. 1, pp. 60–76, Jan.Mar.
1985.

[15] R.Rao and A.Ephremides, “On the stability of interacting queues in a
multi-access system,”IEEE Trans. Inform. Theory, vol. 34, pp. 918–930,
September 1988.

[16] V. Anantharam, “The stability region of the finite-user slotted ALOHA
protocol,” IEEE Trans. Inform. Theory, vol. 37, no. 3, pp. 535–540, May
1991.

[17] W.Szpankowski, “Stability conditions for some multiqueue distributed
systems: buffered random access systems,”Adv. Appl. Probab., vol. 26,
pp. 498–515, 1994.

[18] W.Luo and A.Ephremides, “Stability ofN interacting queues in random-
access Systems,”IEEE Trans. Inform. Theory, vol. 45, pp. 1579–1587,
1999.

[19] B. Tsybakov and W. Mikhailov, “Ergodicity of slotted ALOHA systems,”
Probl. Inform. Transmission, vol. 15, no. 4, p. 301312, Oct.Dec. 1979.

[20] G.Mergen and L.Tong, “Stability and Capacity of Wireless Networks with
Probabilistic Receptions: Part II—Regular Networks,”submitted to IEEE
Trans. Inform Theory, 2003.

[21] E. Arikan, “Some complexity results about packet radio networks,”IEEE
Trans. Inform. Theory, vol. 30, pp. 681–685, July 1984.

[22] B. E. Hajek and G. Sasaki, “Link scheduling in polynomial time,”IEEE
Trans. Inform. Theory, vol. 34, pp. 910–917, September 1988.

[23] S. Ghez, S. Verd́u, and S. Schwartz, “Stability properties of slotted Aloha
with multipacket reception capability,”IEEE Trans. Automat. Contr.,
vol. 33, no. 7, pp. 640–649, July 1988.

[24] ——, “Optimal decentralized control in the random access multipacket
channel,”IEEE Trans. Automat. Contr., vol. 34, no. 11, pp. 1153–1163,
Nov. 1989.

[25] N. Mahravari, “Random-access communication with multiple reception,”
IEEE Trans. Inform. Theory, vol. 36, no. 3, pp. 614–622, May 1990.

[26] R. Pankaj and A. Viterbi, “Two multi access algorithms for channels with
multiple reception capacity,” inTENCON ’89. Fourth IEEE Region 10
International Conference, 1989, pp. 798–803.

[27] E. Modiano, “A dynamic adaptive multi-receiver random access protocol
for the code division multiple access channel ,” inPersonal, Indoor and
Mobile Radio Communications, PIMRC’95, vol. 2, 1995, pp. 799–803.

12



[28] Q. Zhao and L. Tong, “A multi-queue service room MAC protocol for
wireless networks with multipacket reception,”IEEE/ACM Trans. Net-
working, vol. 11, no. 1, pp. 125–137, Feb. 2003.

[29] ——, “A dynamic queue protocol for multiaccess wireless networks with
multipacket reception,” to appear inIEEE Trans. Wireless Commun.

[30] L. Tong, Q. Zhao, and G. Mergen, “Multipacket reception in random ac-
cess wireless networks: from signal processing to optimal medium access
control,” IEEE Commun. Mag., vol. 39, no. 12, pp. 108–112, Nov 2001,
Special issue on Design Methodologies for Adaptive and Multimedia Net-
works.

[31] V.Naware and L. Tong, “Stability of queues in slotted aloha with multiple
antennas,” inProceedings of the 30th Allerton Conf. on Communications,
Control, and Computing, Monticello, IL, October 2002.

[32] V. Naware, G.Mergen, and L.Tong, “Stability and delay of finite user slot-
ted ALOHA with multipacket reception,”submitted to IEEE Trans. Inf.
Theory, Nov. 2003.

[33] R. Rozovsky and P. R. Kumar, “SEED-EX: A MAC protocol for ad hoc
networks,” inProceedings of The ACM Symposium on Mobile Ad Hoc
Networking and Computing, MobiHoc 2001, Long Beach, Oct 4-5 2001,
pp. 67–75.

[34] G. Mergen and L. Tong, “Random scheduling medium access for wireless
ad hoc networks,” inProceedings of 2002 MILCOM, Anaheim, CA, Oct.
2002.

[35] P.Billingsley, Probability and Measure. New York, NY: Wiley Inter-
Science, 1995, vol. 3.

[36] R. M. Loynes, “The stability of a queue with non-independent inter-
arrival and service times,”Proc. Cambridge Philos. Soc., vol. 58, pp.
497–520, 1962.

[37] M. Shaked and J. G. Shanthikumar,Stochastic Orders and Their Applica-
tions. Academic Press, 1994.

[38] L. R. J. Ford and D. R. Fulkerson,Flows in Networks. Princeton, N.J.:
Princeton University Press, 1962.

[39] D. Bertsekas and R. Gallager,Data Networks. Prentice Hall, 1992.
[40] W. Rudin,Real and Complex Analysis. McGraw-Hill Book Company,

1986.
[41] S. Toumpis and A. J. Goldsmith, “Capacity regions for wireless ad hoc

networks,” IEEE Trans. Wireless Commun., vol. 2, no. 4, pp. 736–748,
July 2003.

13


