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Abstract—We study the stability and the capacity problems in called achievable if there exists a network control policy that
packetized wireless networks. Communication medium is mod- guarantee those rates. The closure of the set of achievable rates
eled using probability density functions that determine the packet is the capacity regionof the network. Our main result is a

reception probabilities. The model subsumes several previous - . . .
models as special cases, and it is suitable for networks with time- characterization O_f th? capacity region usmg network ﬂf)_WS' In
varying top0|ogy and channels. Our main result is a character- the ﬂOW Character|zat|0n one needS to aSSIgn a prObablllty den'
ization of the stability and the capacity regions using network sity over the set of transmission schedules for medium access
flows. We also introduce a class of control policies sufficient to (MAC). Similarly, routing amounts to assigning a probability
achieve every rate inside these regions. In Part Il, we apply the yangity over the set of routes. We show that all rates inside
proposed policies and the flow analysis to regular networks. We . . - .
obtain closed-form expressions for the capacity of Manhattan net- the Cfapacny re_g_lon can_k_)e represented as a ﬂ_OW feasible with
works (two-dimensional grid) and ring networks (circular array ~ certain probability densities for MAC and routing. To estab-
of nodes). We analyze the performance loss due to suboptimal lish this result we introduce a class of control policies that do
medium access and routing. We also investigate the impact of link randomized routing and medium access. These will be called
fading, link state information, and variable connectivity on achiev- randomized time-divisio(RTD) policies since their MAC can
able rates in Manhattan networks. . . . . L

be viewed as a randomized version of TDMA (time-division
multiple access). Our characterization shows thantheginal
link success probabilities determine the capacity region, not the
joint ones.

In the capacity analysis the notiontedinsport capacityplays
an important role. The transport capacity introduced by Gupta
|. INTRODUCTION and Kumar [1] measures the delivery rate times the distance
HE objective of this work is twofold. First, we provide apackets travel. In this paper, we extend the definition of trans-
general approach to characterizing the capacity and spgt capacity to networks with probabilistic receptions. This
bility regions of networks with a probabilistic reception modelextension allows us to handle the transport capacity in a more
This model, defined by the conditional probability of succesgeneral setting where the network possibly has time variation
ful receptions given the subset of transmitting users, is s@nd the distance metric is not Euclidean. The generalized trans-
ficiently general to include multipacket receptions and linkort capacity is used extensively in proving upper bounds on
with ergodic fading. Second (in Part Il), we aim to providéhe capacities of regular networks.
insights and design guidelines by examining the class of onedn the capacity analysis, it is assumed that there are always
dimensional (ring) and two-dimensional (Manhattan) regul@ackets to be delivered at the source nodes. However, in re-
networks. Having obtained closed-form expressions for the cgity the data packets arrive randomly in time, and for proper
pacity, we are able to quantify the loss incurred by suboptimaétwork operation the node buffers should be kept stable. In-
protocols, the gain obtained by using link state information, anditively, the network is called stable if the node buffers do not
the effects of increasing connectivity. overflow during operation. Th&tability regionis the closure of
The network capacity problem deals with finding the funthe set of arrival rates at which the network can be stabilized us-
damental limits on achievable communication rates in wireleggy a control policy. Stability depends both on the rate of packet
networks. A set of rates between source-destination pairsaisivals and the rate of packet departure from the network. The
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proving this result, we again exploit the flow characterizatiostationary and ergodic, and the probability of staie p(v) in

and the RTD policies. In particular, we show that for every athe stationary distributidn

rival rate inside the stability region there exists an RTD policy Wireless channels in general are subject to random fading,
stabilizing the network. and neighboring transmissions interfere with one another. Be-

In the literature, the wireless network stability problems hav@ause of these reasons, some of the transmitted packets may not
been studied extensively both for networks with centralizdmk received successfully. We model the channel characteristics
scheduling [2]-{13] and the ALOHA protocol [14]-[19]. Ourand the reception errors using a conditional probability density
problem formulation is closest to the model used by Tassiulasiction (pdf)=. In each slot the received packet$t) are de-
and Ephremides [2] who studied the network stability with termined according to the pdf( - ; £(¢),v(¢)). The quantity
specific probabilistic model and characterized the network statF (t) ; £(¢), v(t)) is the probability that the successful recep-
bility region. They also gave an elegant throughput-optimébn set isF(t) given that the transmission setd$t) and the
policy that stabilizes the network at all arrival rates in the staetwork is in state)(¢). The pdfr also specifies theransmis-
bility region. In [2], the packet arrival process is assumed to Ison constraint{such as half-duplex nodes) and thetwork
independent and identically distributed (i.i.d.), and the netwotlpology: if a set of transmission§ is physically impossible,
stability is analyzed in a Markovian framework using the Lyathen the set of successful receptions is empty with probability
punov functional approach. In this paper, we consider a mareln multi-hop networks there may be such imposstlsince
general network model with stationary and ergodic (not neceabe nodes are typically restricted to communicate with neigh-
sarily i.i.d.) arrival processes, and our stability notion is slightlpors. Specific choices of give several previous models such
different. We also use a different methodology (a dominant sy&s the collision channel [21], [22], the MPR model [23]-[30],
tem approach) in stability analysis. and others [2]-[5], [31], [32].

The organization of the paper is as follows. In the next sec-We assume that new packets arrive at the network randomly
tion the network model is introduced. In Section IIl, the RTIxccording to a stochastic process. Kg}(¢) be the number of
policies are introduced, and the network stability and capacifypackets arrived at noden slot¢. (Equivalently, we say that
regions are characterized. Also, an upper bound on the achiewdei generatedd;; (t) j-packets in slot.) The arrival process
able rates is developed using the transport capacity. The progfg) = (A4;;(t) : i,j € N) is assumed to be stationary and
of the main theorems are relegated to the appendix. We cemngodic with mean\ = (\;; : 4,5 € N). In slott = 0 the net-
clude this part in Section IV. In Part Il [20], we apply the dework starts operation with empty queues. The nodes can store
veloped tools to compute the capacity of regular networks. an unlimited number of packets in their buffers, and a packet

Sets will be denoted by script letters. For a sgt|.A| is does not leave the network unless it reaches its destination. At

the number of elements i, and A" = {(ay,as,--- ,a,) : timetthe number ofj-packets at nodeis denoted byn;;(t).
a; € A,;i = 1,2,--- ,n}. The set of non-negative integers idefinen(t) = (n;(t) : i,j € N) andn;(t) = > ni;(t).
Z,={0,1,2,---}. Time evolution of each queue is described by

ni(t) = Yier: vay=i F15 ()
I. NETWORK MODEL nig(t+1) = +>er: ()= Fii(t) + Ai(t), ifi#j )

Suppose that time is divided into unit length slots, and slot
t € Z, is defined as the half-open interjalt + 1). Let N =
{1,2,---, N} be the set of nodes in the network, afd=
{(3,7) : 4,7 € N,i # j} be the set of links. For link= (i, 5),

tn((izj:jgnotes the transmitter noglendr(!) denotes the receiver ., policies assume the knowledgentf) 2

We represent transmissions using binary vectors. A packewe have the following assumption, which is expected to be

destined for nodg will be called aj-packet. LetE;;(t) be satisfied in practice. o

equal tol if a j-packet istransmittedover link 7 in slot¢, and (A1) Let& be the set of transmissions, adC € be the set

0 otherwise. Similarly, lef;(¢) be equal tol if a j-packet is of receptlpps. Def'lne the marginal probability of success-
successfully receivealer link! in slot¢, and0 otherwise. Over fully receiving 7 given¢ as

each link a single packet can be transmittesl, 3 ; £i;(t) €

0, if i = j.

In each slot, a control policy determine&(t). The policies
we consider are causal, and they can be randomized. In slot

{0,1}. DefineE(t) = (Ey;(t) : 1 € £,j € N), andF(t) = M(F;Ev) = Y w(F;E ).
(Fi;(t) : L € L,j € N). The set of transmissions in slbts Fli FCF!
E(t) ={l € L: E,(t) = 1forsomej}, the set of receptions

. . TWe suppose that the s®tis countable. However, this assumption is for
is F(t) = {l € L: I;(t) = 1 for somej}. notational convenience. The following results hold also whésiuncountable.

Time variation in the network t0p0|ogy and the channel qua|-2The formal definition of a policy is the following. The information available

" : uptotimet —1isI(t) := (A(r), F(r),v(r) :r=0,1,--- ,t—1). Policies
ities are modeled usingtates Let ) be the set of states, andcan be randomized; suppose that= (U(t) : t € Z4) is a vector containing

v(t) € V be the state of the network in slot The statev(t) iid. random variables which are used for randomizationpoficy is a se-
can be any network parameter affecting the receptions; exaiuence of function = (¢ : ¢ € Z..), such thatt(t) = ¢ (I(1),v(1),U),

les include channel gains between rs and tial | ti|.e. ¢+ determinesE(¢t) according tol(t), v(t), U. The randomization vari-
ples incluge ¢ a el gains between users and spatia QCa 2 sU(t), statev(t) and arrival processed(t) are assumed to beintly
of the nodes. It is assumed that the prodess) : ¢t € Z,)is stationary and ergodic.



Forall&’ D £ andv € V, we require Now specification of the RTD policies is complete. Before
analyzing network stability, we will discuss some connections
I(F;&,v) > I(F; €, v), between RTD policies and TDMA. In ad hoc networks, TDMA
i.e., the marginal probability of success is lower wher(fan. b? done by applying a sequence of transmission schedules
there are more Iransmissions. _per|0d|call)_/ (se_e [21], [22]). The knqwledge of queue Ieng'Fhs
is not required in TDMA. Therefore, it can be applied in a dis-
tributed network, but the cycles should be designed with a prior
. MAIN RESULTS knowledge of the arrival rates network should support. The
In this section, we characterize the capacity and stability mredium access in RTD policies can be viewed as a general-
gions of networks. In our characterization the so-called RTi2ation of TDMA to networks with time-variation. This gener-
policies play an important role. The basic idea behind the RTddization is done by choosing a random transmission schedule
policies is the assignment of random routes and the use of rameach slot instead of cycling through different transmission
dom schedules according to some probability distribution. kthedules.
order to make these ideas precise, we need a few more definithe RTD policies can be applied in distributed networks if

tions that are presented in the next subsection. every node has access to the network stdt¢ in each slot
(This is the case if the network has a single state, or cycles
A. Randomized Time-Division (RTD) Policies through states periodically, or if there is a feedback link from

i) € NEF1 a central controller broadcasting the state). One possibility for
’ gistributed implementation is the use of pseudo-random num-

er generators which were previously proposed in [33], [34]. In
case all nodes use a common pseudo-randomization algorithm
(or, acommon seed [33]) then a pseudo-random veégtgrcan
be picked according to distributigr( - ; v(t)) by each node lo-
cally. Once MAC is done using pseudo-randomization, routing
and the queuing discipline can be readily applied distributively.

A pathfrom nodei, to iy, is a vector(ig, iy, - - -
such thatig,--- ,4, are different nodes. Denote the set o
all paths from node to nodej by &;;, and define? =
Ui jen Zij. ForsomeP = (ig,i1,--- , i) € &2, We say that
link [ is in pathP (i.e.,i € P)if (¢(I),r(1)) = (ij,i;41) for
somej € {0,--- ,k — 1}. Let& denote the power set af. A
routing vectoris a vectord = (zp > 0: P € &) satisfying

> awp=1,foralli#j.
PeP,; B. Stability
In this subsection, we define stability and the network flows.

Similarly, ascheduling vectois a vectorG = (p(€;v) > 0 : We then characterize the stability region.

v eV, E e &) satisfying
Definition In a network with arrival raté. and with some pol-

Zp(é’;v) =1, forallv e V. icy, nodei € N is calledstable if the distribution of queue
gee lengthn;(¢) converges to some proper distributidnast— oo,
An RTD policy is specified by the vectors, H and the ar- €
rival rate).® The vectors and H will be viewed as probability lim Pr{n;(t) < 0} = W(#) and lim W(6) = 1.
densities over routes and transmission schedules. Three mech- {—> g—0o0
anisms used in an RTD policy are the following. Nodei € N is calledsubstable if
Routing: The packets are identified with their routes, and
every packet is assigned a fixed route randomly once it is gen- lim lim inf Pr{n;(t) < 6} = 1.
erated. If node generates a packet for nogieroute P € &;; f—o0 100
is assigned with probability . We call a network is stable if all nodes in the network are sub-

Medium Accessin every slot, a randomly chosen schedulgiaple: it is called unstable otherwise.

is applied. In slot, transmission schedul&(t) = £ is chosen o » -
with probability p(&; v(t)). Substability is a condition weaker than stability: a sta-

Queuing discipline:After the transmission schedule is choPl€ node is always substable, but the converse is not always
sen, every node chooses the types of packets it will transmit{fige- Substability admits a heuristic interpretation. Suppos-
nodei is scheduled to transmit over lirika routeP (such that 'N9 that is the buffer capacity of nodé we can interpret

[ € P)is chosen randomly with probability lim SUD; o Pr{n;(t) > 0} as t_he asymptoti(_: buffer over_ﬂ(_)w
probability of nodei. A node is substable if and only if its

asymptotic buffer overflow probability goes to zero as the buffer
sizef tends to infinity. Substability is equivalent to the more
common notion of tightness [35]. In the wireless network-
Then, over linkl a packet with route” is transmitted if nodé ing context, as a network stability criterion, substability is first
has a packet with route. Eqn. (3) assures fairness: each routgsed by Tsybakov and Bakirov [14]. Depending on the net-
passing through linkis allocated bandwidth proportional to itswork model, other stability notions are also used in the litera-
traffic ratex p \;;. ture [15]-[19], [2]-[9].

3This X\ should be interpreted as titarget arrival rate (the network is ex- Arrival rate A = (/\ij :i,j € N)is calledstabilizableif
pected to support) rather than the actual arrival rate. there exists a policy that makes the network stable.stéiility

TpAij

DijeN 2apey: tep TP '

Q(P’l) =

3)



region of a network is the closure of the set of all stabilizablerobability of success; therefore, the queue lengths tend to be
rates. higher in the heavy loaded network. To prove the stochastic
In order to characterize the stability region, we need to imrder, we construct a probability space (where both the nor-
troduce the notion of feasible flows. Recall thatF; &, v) is mal network and the heavy loaded network lives) in which it is
the marginal probability of success for sEtgiven & is trans- shown that the number of packets waiting in the heavy loaded
mitted. In the following, to denote the marginal probability ofhetwork is more than the number waiting in the normal network
success over link, we will use the notatiodI(l; £, v) instead with probability one.
of IT({I}; &, v). See Appendix A for details. O
Theorem 1:The stability and the flow regions are identical.
Proof: Lemma 1 shows that the rates inside the flow re-
gion are stabilizable. For the converse, see Appendix E.[]
From the definition of flow region in (6), we note that only the
marginal link success probabilitiesl(l; £,v) —not the joint
Z > @Ay ) HEGEpEV©) (6) probabilities— determine the flow (regiorz and, therefore by
WIEN PEP iy IER vev.£ed Theorem 1, the stability region.
holds for alll € £. Theflow regionis the closure of the set of _ Theorem 1 suggests a way to think about stability problems.
all feasible rates. To check if rate) is stabilizable, we need to find a distribution
G over schedules, and then we need to route packets accord-
Our motivation for defining feasibility is the following. Con-ing to another distributiod such that the traffic over each link
sider an RTD policy withz and . When the arrival rate i8 s Jess than its success rate., rate \ is feasible withG and
and the routing is done according#, the aggregate traffic on 7 This approach is essentially similar to the standard flow ap-

Definition RateX = (\;; > 0:i,j € N) is calledfeasibleif
there exist a scheduling vect6r= (p(&;v) > 0:v eV, € €
&) and a routing vectoH = (zp : P € &) such that

link I € Lis proach €.g.,Ford and Fulkerson [38]) that assigns a fixed ca-
Z Z TpAij- pacity to each network link, and routes as much flow as possible
1,jEN PEP;j: IEP from the sources to their destinations without violating the link

The expected number of successful transmissions or gk capacities. In our network the link capacities are determined by
the link success rates of a scheduling ve¢tofFor fixedG, the

Z II(L; £, v)p(E;v)p(v) @) standard flow approach [38] can be applied to obtain achievable
rates. Characterization of the stability region using flows is typ-

ical in many other wired and wireless stochastic netwoeks. (

given thatp(&; v) is the fraction of time slots the transmissior2]-{9]).

set& is used when the network is in state The RTD policy

chooses each schedufewith probability p(€;v), but some-

times some other schedulé C £ may be applied since nodes

may run out of packets to transmit. In such cases, due to as-

sumption (A1), the success probability over lihkc £’ does

not decrease, and (7) can be thought as a worst case success

rate. Eqn. (6) ensures that the traffic load over each link is less

than its worst case success rate. The following lemma asserts

that this intuitive condition is sufficient for network stability.

vEV,EEE

Lemma 1:If \ is feasible with scheduling vect6f and rout- Fig. 1. An up-link network
ing vectorH, then the RTD policy specified by, H, A stabi-
lizes the network with arrival ratél — €)\ for all e > 0. It is interesting to notice that Theorem 1 crucially depends

Proof: We use the so-called dominant system approacim assumption (Al). In general, it is true that the stability re-
(e.g.,[14], [15], [17]-19]). That is, we first analyze lseavy gion is inside the flow region, but in networks violating (A1)
loadednetwork where the nodes always have packets to sefehsible rates may not be stabilizable. For instance, consider
The heavy load assumption decouples the network stabilttye network depicted in Fig. 1. Nodes T1 and T2 want to trans-
problem into a series of queues problem whose stability is enit packets to noder. The network has a single state, and
tablished using Loynes’ theory [36]. We then provid#@chas- there is a single class of traffic intended for ndgleThe chan-
tic ordering relation €.g9.,[37]) between the normal networknel reception probabilities are such that if the transmission is
(where the queues can be empty) and the heavy loaded et= {(T'1, R), (T2, R)}, then the reception i& = {(T1, R)}
work. The stochastic order says that the buffer overflows andth probability 1. If £ is ¢, {(T1, R)} or {(T2, R)}, then
more likely in the heavily loaded network. Therefore, the staF = ¢ with probability 1. Namely, the packets @7l are suc-
bility of the heavy loaded network implies the stability of theessfully received only if"2 transmits at the same time, but in
normal one. any casel'2's packets are not successfully received. The flow

The more complicated, somewhat unexpected, part in tfegion can be obtained &6\;,0) : 0 < Ay < 1} (thei'th entry
proof is the stochastic ordering relation (Lemma 3) where vghows the rate achievable by ttih transmitter). However, the
need the assumption (Al). This assumption formalizes the raability region is the seft(0, 0) }. To see this, observe that if the
tion that the more is the number of transmissions, the less tugival rate ofl’1 is positive then the arrival rate @2 should be
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also positive; this is so, since the stabilizatiorvdfrequires’™2 Theorem 2:The capacity and the flow regions are identical.
to transmit simultaneously. However,if2 has positive arrival Proof: Lemma 2 shows that the flow region is inside the
rate, it goes unstable whatsoever. Hence, in any case, one ofdhpacity region. The converse is outlined in Appendix I. [
queues go unstablelfl or T'2 has positive arrival rate. The as- Surprisingly, Theorem 2 is valid even without assumption
sumption (A1) does not hold in this network since the succe@l). Let us motivate this with the example in the previous
probability of T'1 increases whef'2 transmits simultaneously. subsection. We have observed that and 72 should trans-
From this example we see that some additional conditions onit together to achieve non-zero rates. Howe¥&rs packets
the channetr are required in order to have the stability and theever get through and its buffer goes unstable when it has non-
flow regions the same. zero arrival rates. In the capacity probleif already has in-
Some familiar results about slotted ALOHA, [19, Thm. 1finitely many packets, and stability is not an issue. Therefore,
and, in part, [14, Thm. 4] can be obtained as special casesegéry rate(A;,0), 0 < A\; < 1, can be achieved iI'l andT'2
Lemma 1. This is because the slotted ALOHA protocol [33ransmit together in\; fraction of the slots. This implies that
p. 348] can be viewed as a special RTD policy. In a slothe capacity region i§(A\1,0) : 0 < Ay < 1} which is also the
ted ALOHA network, in case all nodes are backlogged, eveflpw region. As in this example, Lemma 2 holds in networks
node flips a coin and chooses to transmit or to listen withvathout (Al), and the capacity and the flow regions are always
certain probability. If a node decides to transmit, the neiglihe same. We further discuss why this result is true in general
bor to transmit can be picked randomly according to a fixed Appendix D.
probability distribution. Such a mechanism is a special case of
assigning a probability distribution over the set of schedulesp: An Upper Bound Using Transport Capacity
the medium access in RTD. However, note that the schedulin
vector G corresponding to the slotted ALOHA haspeoduct
form since the transmission decisions are done independe
at different nodes (the decisions are allowed to be depend
in general RTD). Further results about the stability of slotte
ALOHA with probabilistic receptions can be found in [32].

Yn this subsection, we introduce the notion of transport capac-
ity, and develop an upper bound on the achievable rates using
¥transport capacity. This upper bound is particularly useful in
e networks where the exact computation of capacity region
ay not be computationally feasible.
Most of the wireless networks come with a notion of distance
metric telling how close two nodes are. Some commonly used
C. Capacity metrics are the Euclidean distance and the minimum number of

In this subsection, we define the achievability of packet dB9PS reguired to reach from one node to another. diét))
livery rates and the capacity region. We then argue that tR§ the distance between nodeand j. The distance metric
capacity and the stability regions are the same in networks i J) IS assumed to satisfy theangle inequality i.e.for all

isfying assumption (A1). Pe 2y,
In the capacity context each packet is identified with its d(i, j) < Zd(l)
source and destination (a packet with soureexd destination lep

J will be called an(i, j)-packet). The arrivals are not randomwhere we use the notatiat{l) as a shorthand fat(t(1), 7(1)).
Nonetheless, the network starts with infinite number of packetse usual definition of metric puts additional constraints of
waiting delivery at the source nodes., every nodei has in- non-negativity and symmetry of(i,j) (e.g., Rudin [40]).
finitely many (7, j)-packetsv;j # i. Let W;;(¢) be the number These constraints are not needed for the results in this paper.
of (4, j)-packets successfully received by node slott. The next proposition gives a necessary condition for achiev-

Definition Rate\ = (\;; > 0:i,j € A') is calledachievable aPIItY.

(c.f. [1]) if there exists a control policy such that the average ProPOsition 1:Letrate) be in the capacity (or equivalently,
delivery rate is greater tha i.e., in the stability or flow) region. Then,

= N D Ad(i ) D p) Y dOI(EE, ), ()
lim inf - > Wij(t) = Ay foralli, j e N ijEN vev e

t=0
where

is satisfied with probability one. Theapacity regions the clo- &, = arg max Z d(DII(l; €, v).
sure of the set of achievable rates. €€8 lec
Proof: Let A\ be feasible with a scheduling vectGrand a

With this definition, we can state the following result, whlchOutlng vectorl. Then,

is the achievability version of Lemma 1.
Lemma 2:1f X is feasible with scheduling vectar and Z Aijd(i, 5)
routing vectorH, then the RTD polic§ specified byG, H, A ”

. i,jEN
achieves ratél — ¢)\ for all € > 0.
Proof: See Appendix C. O < DY Y weAd() (10)
i,jEN PEP;; leL:l€P
4In a network applying RTD without random arrivals, we require the source
nodes to regulate their traffic entering the network. This condition is needed to = Z d(l) Z Z TpAij
make the proof easier, and it is discussed in Appendix C leL 1,jEN PEP;;:leP



< Y odl) > TEw)pEv)ph)  (11) IV. CONCLUSION
leL  veves In this paper, we considered a general probabilistic model for
< Z p(v) Z d(DI(I; &y, v), wireless networks, and studied the network stability as well as
vev leL the network capacity. We have characterized the stability and

] ] ) capacity regions using network flows. We have also introduced
where (_10) fol_lows from the triangle inequality and (11) holdg (|ass of policies sufficient to achieve stability and capacity.
since) is feasible. L In the considered model the capacity and stability regions are
An interpretation of Proposition 1 is as follows. The quantityat identical in general. However, we have given a mild condi-
i jen Nijd(i, j) can be viewed as the amount of work thafion under which the stability and the capacity regions are the
needs to be done for carrying packets with rateSimilarly, same. We have also provided a simple necessary condition for
> iec ADII(L; €, v) is the expected progress, or work done, bychievability using the transport capacity.

using schedulé e &. We call the right hand side of (9) In Part 11 [20], we apply the RTD policies and the flow anal-
ysis to the ring and Manhattan networks. We obtain a closed-
ZP(”) Z d(DIL(T; €y, v) form expression for the capacity of Manhattan networks and

veY leL analyze the impact of link fading, link state information and

as thetransport capacity1], which is the expected progressthe topolpgy information on achievable rates._ We als_o compare
averaged over, maximized with respect t6 for eachu. Infor- a suboptimal scheme that uses ALOHA as its medium access

mally speaking, Proposition 1 says that the total work that c&h the optimal policy that jointly optimize medium access and

be done by the network is always less than its transport capacri[wt'ng' We fllnaIIy examine the effgct of variable connectivity
on the capacity of Manhattan and ring networks.

Definition Rate M’ > 0 is called uniformly-achievableif
(N1(i # 7) : 1,5 € N) isin the capacity region, wherg-)
is the indicator function. Thaetwork capacity{denoted byy)
is N — 1 times the maximum of the uniformly-achievable rated. Lemma 1: Feasibility Implies Stability

(Multiplication by V' — 1 gives the per-node throughpu®.,  Throughout this section we consider the stability setting: the
the sum rate delivered from a node to the otiver- 1 nodes.)  packet arrivals are random, and the nodes start operation with
This notion of network capacity (with a different scaling) wa§Mpty queues. We will analyze an RTD policy determined by

previously used by Toumpis and Goldsmith [41]. The followingcheduling vecto, routing vectord andA = (Ai; : i,j €
theorem readily follows from Proposition 1 and the definition of/)- A network with an RTD policy operates as if the packets

APPENDIX

. are classified according to their roufe$Ve call a packet with
Theorem 3:An upper bound on the network capacity igoute P’ as aP-packet; lety(P) denote the destination node of
given by route P. We will use the following notation for (1):
1 wp(t+1
n< 2 S e Y aonee, ., @z U
= ni.p(t) = Yies iy FLp(t E(D), v(1))
whereL is the average distance between two arbitrarily selected + 2ie: r=i FLp(t B(®),v(0) + Aip(®), 1fi#q(P)
nodesj.e., . 0, if i =q(P).
L= = Z d(i, 5), (16)
NN -1) i, jEN
and Here,n; p denotes the number dP-packets at theé'th node;
A; p, Fy p, By p are defined similarly. We replace the notation
= (; €, v). P LBy AL A
& ar%égaaxzd(l) (5:€,v) for F; p(t) by Fi p(t, E(t),v(t)) that also indicates the state

Proof: Substitute\;; = \" in (9). After rearranging (9), v(t) and the transmissions(t).

observe thatN — 1))\ is less than the right hand side of (13) Let D, »(t) be equal tol if the RTD policy has chosen to
forall \'. 0 transmit a packet with rout® over link [, and0 otherwise.

Theorem 3 is the main tool we will use for upper boundinrecall that even thougb, p(t) is 1, a packet over linkis not
the capacities of the regular networks in Part Il. Recall that fransmitted if the scheduled transmitter does not haverany
our original formulation of feasibility we need to check the expackets.e.,n,) » = 0. This definition helps us to express the
istence of two things: a scheduling vector and a routing vecteperation of the RTD policy concisely:
Theorem 3 simplifies our job by eliminating the routing vectors
from the formulation. Even though the upper bound provided(t) = (E1,p(t) = Dip(t)1(ny),p(t) > 0) 1l € L, P € 2).
by Theorem 3 is not achievable in general, we will see that it is 17)
achievable in regular networks. Furthermore, we will observe NOW, we are in a position to describe the heavy loaded net-
another advantage of Theorem 3 in regular networks: It ho®rk. DefineD(t) = (D, p(t) : | € L, P € &7). The queue
not only for the Euclidean metric but also for any metric satis-s g arrival rates scale accordinghe., for A — (A :i,j € N), the
fying the triangle inequality. arrival rate of packets with route € 2;; is \;jz p.



lengthsn; 5 (t) in a heavy loaded network evolve as follows: This is the condition required for stability in Loynes’ theory:
arrival rate for class (left hand side) is strictly smaller than

ni p(t+1) =n] p(t) + A; p(t) the expected number ¢f-packets transmitted over lidkright
_ * hand side) for each link € P. The second statement of the
le/;;l) ZFl Pt DO, v(0) Ly p(1) > 0) proposition, 1n};(+)—0 almost surely, follows from the con-
vergence arguments in Section 2.32 [36]. O
+ > Fp(tD(1),v(t) njy, p(t) > 0),(18)  Nextlemma gives the previously mentioned stochastic order-
leL: r(l)=i ing relation.
o ) _ Lemma 3:For eachP € &, the total number of’-packets
if i # ¢(P). To obtain (18) from (16), we moved th:) in  j; the heavy loaded network is stochastically larger than the

(17) to the outside of"(-) as a multiplicative factor. In the ia1 numberP- packets in the normal networke.
normal network the nodes which are scheduled to transmit may ’

not transmit since they may not have a packet to transmit. In = py( Z nip(t) > 0) > Pr( Z ni p(t) > 6), (21)
the heavy loaded network, on the contrary, the receptiopg ieN Y
are determined as if the set of transmission®ig) in each o .
slot. We use the term “heavy loaded” becaie) = D(t) is for all t andf. Moreover, under the conditions in Proposition 2,
possible only if every scheduled transmitter has packets waiting:.(t)—0 almost surely as—oc.
all the time,j.e., the nodes are heavily loaded. Proof: See Appendix B. _ O
The following proposition asserts the stability of the heavy Now we can prove the stability of the network without heavy
loaded network. oaded transmissions. Under the conditions in Proposition 2,
Proposition 2: Let \ be feasible with and H. Fore > 0, (20) implies that each; ,(t) is a substable sequence. Sums of
let the arrival rate ofP-packets P € #;;) be nonnegative substable sequences is substable (see Szpankowski
[17]), therefore,) ;\-n; p(t) is substable. From (21), this
Ap = (1—e€)\ijzp. implies that) .\ n; p(t) is substable. Since a nonnegative

sequence smaller than a substable sequence is substable, each
Then, the nodes in the heavy loaded network are staelgfpor  n; p(¢) in the normal network is substable. Again using the
eachi, P there existdV (-) such that fact that sum of substable sequences is substable, we see that

. § _ eachn;(t) = > pc » 14, p(t) is substable. Hence, the proof of
Jim Pri{njp(t) <6} = W(0) and lim W(0)=1. (20) Lemma 1iscomplete.

Furthermoren} ,(¢)—0 almost surely as—oo. ~ B. Stochastic Ordering - Proof of Lemma 3
Proof: In a network with an RTD policy, packets with & \y e o random vector¥ andY have the same distribu-
route P follow a series of queues. The stability of the networhOn we write X 2 Y. Let {0,1}£¢ be the set of all vectors

follows from a standard application of Loynes’ theory [36] fo fthe formX = (X, p € {0,1} : [ € £, P € 2). For deter-
series of queues. In the following, we will discuss the rationa, inistic X, Y in {0, i}gc we say thatX < Y if X, p < Vi p

behind the proposition. for all [, P. Define the product vector as
Let [ be a link in pathP. The analysis of the heavy loaded P

network is much simpler than the normal network, because the XY = (X, pYip:1 €L, PcP).

event of successful transmission Bfpackets over link does

not depend on queue lengths at other nodes. That is, regdret X, Y be two{0, 1} valued random vectors such that
less of what is happening at the other queues,Rhgackets
are successfully transmitted over linkaccording to the pro-

CeSS(Fl’P(t’D(t)’v(Q) Pt e Z+).’ .and itis the mean of this Then, X is said to be smaller thal in the usual stochastic
process that determines the stability. order (denoted byX < Y).
st

From the definition of RTD policies, it follows that the mean There are several ways to look at the stochastic ordering rela-

Pr{X > Z} <Pr{Y > Z} forall Z € {0,1}*°.

of Fi,p() is tions. One approach is provided by the definition above which
E{ Fyp(t, D(t),0(t)) } = goes not restrick’ andY'to be defined in the same probability
pace. However, there is another, sometimes more convenient,
Z (L E,0)p(&;v)p(v). way of looking at stochastic order. ¥ < Y/, then this equiv-
vEV.E alent approach (given as Theorem 4.B.1 in [37]) constructs new
o o random vectors¥ andY in some probability space such that
If P € &;;, then because of feasibility (6) and the definition 03( X,V £ v andX < ¥ with probability 1. In other
Q(P,1), words, we can view the stochastic order as the usual order in an
Aijep < E{Fyp(t, D(t), v(t)) }- appropriate probability space.
Moreover, since the arrival rate dP-packets)p is strictly ~ In the proof of Lemma 3, it is the second approach we will
smaller than\,; = p, it follows that be using. We will construct two new stochastic processes (one
mimicking the normal network, the other mimicking the heavy
Ap <E{ F, p(t,D(t),v(t)) }. loaded one) such that the stochastic order relation given in



Lemma 3 can be viewed as the usual order in some appropriat&Vve can apply Theorem 4 as a result of (24). For this, fix

space. Our plan is as follows. We will first show the existen@®meD andv. SetX = I(D, D,v),Y; = I(E,D,v), Z; = F

of this new space. Then we will observe the results in Lemnsach that eaclly < D corresponds to a differet;. Theorem

3 in the new space, and discuss the equivalence of the nedlgays that there exists a probability space such that we can

constructed network and the real network. define random vectorSI (E, D,v) : E < D} satisfying i) and
One useful property of the stochastic order is provided beloWD, D,v)E < I(E, D,v)E. Also notice thatl (E, D,v)E =
Theorem 4:Let X, Y; be {0,1}*¢ valued random vectors, I(E, D, v) holds due to (23).

andZ; be a (deterministic) vector if0, 1}°¢,i = 1,2,--- ,r. We have shown the existence of the space of random vectors
If {I(E,D,v) : E < D} satisfying i) and ii) for fixedD and
X7 <qYiZ; i=1,2,---,r v. These sets of random vectors for differdmtandv can be

then there exists random vectafs, ¥; defined on the same put into the same probability space since the involved random
! vectors are discrete. Therefore, a set of random vegtseiis-

- 5 d ~od S
probability space such that = X, Y; = Y; andXZ; < fing i) and ii) exists in some probability space and the lemma
Y; Z; with probability 1,4 = 1,2,--- ,r. follows. 0
Proof:  This theorem is a straightforward extension of \eyt \ve will define new stochastic processes. Suppose that

Theorem 4.B.11in [37], and its proof is omitted. we have a vector valued stochastic procgggt) : ¢t € 2, }
The next lemma is the major step in constructing the NeW,ch that each entry

network processes. Recall that for vectéist, D in {0, 1}€,

the sets€, F andD are defined a€ = {{ € L : E; p = I(t)={I(t,E,D,v): E,D € {0,1}*° . E < D,v € V},
1forsomeP € &}, F ={l € L: F; p = 1forsomeP ¢
P}, D={leL:D;p=1forsomeP € Z}. is i.i.d. distributed same &5in the previous lemma. We define

Lemma 4: There exists a set dh, 1}~¢ valued random vec- the normalm-networkwith the following:
tors
mip(t+1)=m;p(t)— > Lp(t Et),D(),v(t)

T={I(E,D,v): E,D¢e{0,1}*“,E<D,v eV}, s 1(l)=i

defined on the same probability space, such that forevery ran- ~ + > I p(t, E(t), D(t), v(t)) + A; p(t).
dom vectorI (E, D,v) € Z, leL: r(l)=i

i) I(E,D,v) is distributed according te(- ; £,v). Thatis,

. Above, the notatiomn; p(t) refers to the queue length, and the
Pr{I(E,D,v) = F} = 7(F;&,v) for every vectorF in (1) q 9

rest are as before. The queue length processes in the normal

{0, 1}%¢, network (16) and the normah-network are indistinguishable.
i)y I(D,D,v)E < I(E,D,v) with probability 1. That is, it can be easily checked by induction ovethat the
Proof: Let X,Y, Z be vectors inf0, 1}C such thaty < joint distribution of queue length§(n; p(t) : i € N, P €
Y. Observe that P),t =12, r}and{(m;p(t) : i € N,P € P),t =
1,2,--- ,r} are the same for all. This result basically follows
ZY > X ifandonlyif Z > X. (22) from property i) of the previous lemni&.,eachl (¢, E, D, v) is

o distributed according ta( ;&,v). Since all joint queue length
Let/(D,D,v),I(E, D,v)be random vectors satisfying i). Ob-gistributions are the same it follows that
serve that

I(E,D,v)E =I(E,D,v). (23) Pr(Y nip(t) >0) =Pr(d_ mip(t)>0) (25)
This is becaus®r{I(FE,D,v) = F} > 0 onlyif F < F, N N
which Implles thatF £ = F. for all 6. Moreover,
We claim that
1 . L1
1(D, D, v)E <« I(E, D,v)E. (24) ;ni,p(t)—ﬂ) w.p.1 if and only if gmi,P(t)—)O w.p.1, (26)

To see this, consider a vectsrin {0, 1}~€ such thatt” < E.  ast—oo, where w.p.1 stands for with probability 1.
Similarly, we define the heavy loaded-network as:

Pr{I(D,D,v)E > F} = Pr{I(D,D,v)> F}
= II(F;D,v) m; p(t+1) = m; p(t) + Ai p(t)
< T(F;€,0) — Y Lp(t,D(t), D(t),v(1)) 1(mjy p(t) > 0)
— Pr{I(E,D,v) > F} lec: t(h)=i
— Pr{I(E,D,v)E > F}. + > Lp(t,D(t),D(t),v(t) 1miy p(t) > 0),

lel: r(l)=i
The first equality is due to (22). The second and third equalities

are becausé(D, D,v),I(E, D, v) are random vectors satisfy-if i # ¢(P). Just as the normab-network mimics the behavior
ing i). The last equality is due to (23). The inequality is becausé the normal network, the heavy loadednetwork mimics the
of £ < D and assumption (Al). heavy loaded network (18). That is, the joint distribution of



queue lengthg(n} (¢t) : i € N, P € £),t =1,2,---,r} D. Achievability of Flow Region Without Assumption (A1)

and{(m; p(t):i € N, P € #),t =1,2,--- ,r}arethesame  For the argument in the previous section we need assump-
for all . Therefore, itis true that tion (A1), which is used in Lemma 3. However, it is in general
pr(z nt p(t) = Pr( Z mip(t) >0)  (27) true that all rates inside the flow region are achievable. To see
e N this, we will consider a slightly modified form of RTD poli-

cies: if a P-packet chosen for transmission over linKi.e.,

1 D, p(t) = 1), but the transmitter nodg!) doesn’'t have any-

n! p(t)—0w.p.1 ifand only if =m? »(t)—0w.p.1, (28) packet, then let nodgl) transmit another packet with source
’ ¢ t(1) and destination:(1) over link ! (there are infinitely many

for all 8. Moreover,
1
t

ast—oo. . such packets in nodg!)’s buffer). Besides these extra packet
Next, we will see that transmissions, the network under this policy operates no dif-
Z m; p(t) > Z mi p(t), (29) ferent from a heavy loaded network; specifically, the reception
ieN ieN statistics is determined according to the set of transmissions

holds with probability 1, for all P,¢.  This inequal- D(t) = {l € L£: Dy p(t) = 1for someP}, which is the same
ity is due to the property ii) of the last lemma; ifin the heavy loaded network. The results of Proposition 2 hold

E; p(t) - I p(t,D(t),D(t),v(t)) = 1 for somei, P then also for this network. Proposition 2 implies that delivery rate

Lp(t,E(t),D(t),v(t)) = 1. Observe thatEl plt) - Ap is achieved for eactP € &2, and thereford1l — ¢)\ is
I.p(t,D(t), D(t),v(t)) = 1if and only if B, p(t) = 1 (a @achieved.

P-packet is transmitted over linkin the normalm-network)

and I; p(t,D(t),D(t),v(t)) = 1 (a P-packet is success-E. Theorem 1: Stability Implies Feasibility

fully transmitted over linkl in the heavy loaded:-network if In this appendix we prove the converse part of Theorem 1.
my),p(t) > 0). According to Property ii) these two eventsoyr proof is constructive. We will consider a stable network
imply that I; p(t, E(t), D(t),v(t)) = 1 (P-packet is success- with arrival rate\, and by using certain statistics of the network,
fully transmitted over linkl in the normalm-network). That we will construct a scheduling vect6f and a routing vectoH

is, we can simply say that if a packet is successfully transmihat make\ — €1, > 0 feasible, where > 0, and1, is a
ted in the heavy loadea-network in slott, then in the normal shorthand fox 1(N\ij >0) : 4,5 €N).

m-network either a packet is successfully transmitted in#slot By adding up equations far = 1,2,---,T in (1), we see
or the transmitter queue is empty, which means that all paakat

ets have already been transmitted. This reasoning, by induction

overt, leads to (29). =1

Because of (29), ng(T) =Y [Aut)+ > Fyt)— > Fyt)| (31)

t=0 lel: r(l)y=s lel: t(l)=1
PerlP >0) > Perlp ) >0) (30)
= = holds for allT € Z,, i # j. The following lemma relates

holds for allg. Equations (30), (25) and (27) give (21). stability with the expected queue length.

In Lemma 2 we have shown thétl* )_>O with probab”_ Lemma 5:If the network is Stable, then for alle N,
ity 1 ast—0. Due to (28), we havétmz p(t)—0 with prob-
ability 1. Since the queue lengths are nonnegatlve processes, ;E”i(t) —0ast— oo
inequality (29) glveslmZ p(t)—0 with probability 1. And, as
aresult of (26), itis true tha]%tnl p(t)—0 with probability 1, as Proof: See Appendix F O
required. Suppose that at time instafite Z,

1

C. Eroof of Lemma 2 . ' E{~ Z ni(T)) < e (32)

First, let's assume that the arrivals in the network are ran- T JeN

dom as considered in Appendix A. Lemma 3 shows that
In, p(t)—0, foralli € N,P € 2. This implies that the is satisfied. Existence of suci{ais guaranteed by the previous

delivery rate ofP-packets is equal to the arrival ralg = Lemma. Define
(1- ))\”ZEP Therefore, the total delivery rate of packets from | T
it0jiS) pegp, Ap = (1 —€)\ij. p(Esv) 2 Pr{E(t) = E|v(t) = v}, (33)

T -

M

Inthe capaC|fy problem, every node has infinitely many pack-
ets waiting to be delivered, and the arrivals are not random.
However, if the source nodesgulatethe traffic incoming to and the scheduling vect6t = (p(€;v) : v € V, € € &).
the network and operate as if the arrivals are random, then thé-€mma 6: The scheduling vectaf defined by (33) satisfies
result in the previous paragraph is applicable. What we mean
by regulation is that nodéshould introduce itgi, j)-packets ) )
into the network with rate\;; according to a stationary and er- Z E{ Z B, (1) Z M(GE, v)p(E;v)p(v),
godic process. Given that the nodes operate in this way the rate
(1 — e)\ is achieved by the RTD policy, and Lemma 2 followsfor all [ € L.

vEV,EEE



Proof: See Appendix G J If the network is stable, the following is satisfied.
Define
hm lim sup Pr{n;(t) > 0} =0, foralli e N.

0—o00 t—o0

1 T-—1
ey = E{szlj(t)}
t=0

Now, pick ani € N. For all§,¢ > 0, there existgy such

1 that for allt > to, Pr{n;(t) > te} < Pr{n;(t) > 6}. First,
v = E{mng(T)} consider the limit — oo,
The next proposition provides a routing vectéwhich will be limsup Pr{n;(t) > te} < limsupPr{n;(t) > 6}.
used to show the feasibility of — e1,. t—00 T to

Proposition 3: Givene > 0 and the vectorge;; > 0 : [ €
£,j€N),)\=(/\1]ZOZ,]GN)'Y—(’YUZO ZJE
N) suchthatforali,j € N, i # j,

Then, letd—oo,

lim sup Pr{n;(t) > te} < hm lim sup Pr{n;(t) > 6}

t—oo —X t—oo
() Aij—vij = Z el — Z ety (34) = O.
lel: t(l)=i lel: r(l)=s
(i) A =n,; = Z e =0 (35) This means tha%ni(t)i%), where—2- denotes convergence
7 7 Y in probability. Pick an arbitrary € V. Sincen,;(t) is nonneg-
lel: t(l)y=yj P
(i) Z <€ (36) ative and less than;(t), $n;;(t)—0. Write (39) as
17 )
i,JEN t—1 t—1
1 1 1 P
(iv) A\—ely >0, (€20 - ZAij(T) 3 Z[Hij(r)_Gij(T)] = ;nij(t)—’o- (41)
r=0 r=0
are satisfied. Then, there exists a routing ve¢for= (zp > ) ) )
0: P e 2) such that Since(4;;(t) : t € Z,) is ergodic,
t—1
S -\ >0) <> ey (38) 1 P
i JEN PEP;: IEP JEN tli>nolo t Z Aij(r) = Aig

r=0

holds for alll € L.

. almost surely. Hence, we have
Proof: See Appendix H.

Next, we will argue thah — €1, is feasible. When we mul- =
tiply both sides in (31) byt and take the expectation, we see T 2SS Hy(r) — Gi(r)] 2 Ny (42)
that condition 3(i) is satisfied. Condition 3(ii) holds as a result tis

of our particular choices foy and(e;; : 1 € £,j € N). Con-

dition 3(iii) holds because of (32). Therefore, all conditions dPbserve that;; (¢)| < |£] and|Gy;(t)| < |L]forall . There-
Proposition 3 are satisfied, and we can apply it. Propositiod@€.|Ji;(t)| < 2|£|. This boundedness property, together with
guarantees the existenceMfsatisfying (38). Lemma 6 gives (42), implies thatEJ;;(¢)—A;;. When we take expectation of

both sides in (41),
dep= > I(E)pE; v)p(v). )
JEN veEV,EEE EEHU (t) = )‘ij — EJZ‘J‘ (t)—>0
The previous equality, together with (38), implies

S ap(h—el(h; >0)

i,jEN PeP;;: lEP

The lemma follows.

G. Proof of Lemma 6

< Z (L &, v)p(&;v)p(v), The key step in the proof is observing that
vEV,EEE
foralll € £. Thatis,\ — 1, is feasible. E{Y  Fiy(t) =&, () =v} =1(LE,v)
JEN
F. Proof of Lemma 5 holds for all€, v, 1, ¢ (this directly follows from the definition of
Define G,;(t) Yier. ()= _;Fi;(t) and H;;(t) = 1I(-)). The following sequence of equalities lead to the required

Yier: vay=i F15(t). With these definitions, we can write (31)lemma. For every € £,

~
|

1

niy(T) = 3 [Aij(t) + Gij(t) — Hy(8)] . (39) > E{ Z Fij(t) = Z E{) _ Fy(t)

JEN t=0 t=0 JEN

-
Il
=)
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T-1 . . .
1 Fixaj € N. Define

= = E{Y Fy(1) = &,v(t) = v}

t=0 veV,E€E  jEN E;=(e;:lel). (43)
Pr{&€(t) = &€, v(t) = v}

In the flow vector;, if A\;; > 0 holds for some nodé, then
_ 1 TI(; £,v) Pr{&E(t) = E|v(t) = v}p(v) fi(E;) = )\,] — ;5 as given in (34). Furthermore, due to (36)
. and (37) ifA;; > 0 then f;(E;) > 0. On the other hand, if

Xij = 0thenf;(E;) = —v;; < 0. Hence\;; > 0 if and only
= Z II(;; €, v) Z Pr{&(t) = Ev(t) = v}p(v) if fi(E5) >0

If f;(E;) > 0, node: will be called asource node If

evess fi(E;) < 0, nodei will be called araccumulation nodelf V' =
= Y HGEv)pE; v)p(v). (ll,lg, o 1,) € £7 andl, ., € L then define/ & (I,,41) =
veEV,.EES (ll, lQ, e ,ln,ln+1>, (ln+1) @ V = (ln+1,l1, lg, et ,ln} |f
V = ¢, thenV & (ln+1) = (anrl) eV = (anrl)'
H. Flow Vectors - Proof of Proposition 3 Lemma 8:Let E; be the flow vector defined in (43). There

First, we will introduce some definitions and lemmas. Th@Xists a flow vector without loops; = (é; : | € £) satisfy-
proof of Proposition 3 will be given at the end of this sectiori9

For a given network with node§” and linksZ, avectorE = () 0 <é; <ey,foralll € L.
(e; > 0:1 € L) will be called aflow vector For a given flow (i) Exceptj, there does not exist any accumulation node in
vector F, for everyi € A define Ej,ie.foralli # j, f;(E;) > 0.
(iiiy If i € N is a source node, thefy(E i) > Nij — €.
fi(E) 2 P Proof: We will give an algorithm for obtaining?; from
leL: t(l)=i leL: r(l)=i E;. First apply the algorithm in Lemma 7 and obtain a flow

vector without loops?; from E;.

(A) Check if there exist an accumulation nadg j in Ej. If
there is no other accumulation node, terminate.

as theflow from node;i into the network.
A loopin a network is defined as an ordenegtuple of links

(I1,12,- -+ ,lm) € L™ such that the following is satisfied. (B) SetV — 6.
(E:)) T(g"’/)jttl(ll) 19 1 (C) Fornodei, fl( ;i) < 0is satisfied, and there exists a link
i E’ﬁ(}) )7r((l 1)+1)’ Z;(l ’))’i's. é’;gt; I such that(1) = 7 ande; # 0. SetV to (1) @ V.
NS TRN . a) If ¢(I) is a source node then for dl V' changes;;

Denote the set of all loops witl’. In a flow vectorE, the flow

. > toé;; —min{é;; : l € V}. Goto step (A
across a loof € . is defined as ¢ — min{ey b PA).

b) If t(1) is not a source node thefy;)(£;) < 0. Set
1 = t(l) and go to step (C).
In part (C),V does not form a loop at any timed.,V ¢ .¥)
since the flow vector does not contain any loops. Part (C) termi-
nates in finite number of steps since there exists finitely many
nodes that can be visited, and a node can not be visited more
than once. The algorithm terminates in finite number of steps
since there are finitely many nodes and paths in the network,
and due to decrease @f;’s in part (C)-(a), if a path is followed
once, it can not be followed once more. We can check the prop-
erties (i) to (iii):
(i) Holds because at each s#&p non-increases.

flow(L, E) E min{e;,, e, -, €, }

A flow vectorwithout loopss a flow vectorE such that for any
loop L, flow(L,E) = 0.

Lemma7:Let E = (¢; : | € L) be a flow vector. There
exists a flow vector without loopg = (& : 1 € L) satisfying
the following

(i) 0<¢ <epforalll e L.

(i) The flow of each node i and £ are the samei.e.,
Ji(E) = fi(E), YieN.
Proof: For aloopL = (I1,ls,--- ,l,) and a linki, we ; . o .
say thatl € L if | — Iy, for somelk between 1 andh. In order (i) Holds since the algorithm eliminates all accumulation

to prove the lemma, we will give an algorithm that eliminates nodes excep.
all FI)oops inE step by step. g g (i) Holds becausg, v;; < ¢, and the removal of;; from

Suppose tha? = {L, Ly, -+ , L z}. We will use as an the accumulation nodes decreases the flow from each

. . o - source node at most . ;.
index variable. Initializek = 1, and sett? = E. Then apply L vis

the following operation on the entries f -

Proof: (Proposition 3)For eachj € N defineE; as in

Foralll € L, change; to &, — flow(Ly, E). (43), and apply the algorithm in Lemma 8 to obtain. Initial-
ize(yp =0: P e P). Foreach,j € N, \;; —el(\;; > 0) >

We can see that after this operation (i) and (i) are satig-apply the following algorithm:

fied. Next, incremenkt and continue this procedure far=  (A) If f;(£;) > 0 continue, otherwise terminate.
1,2,---,]Z| one by one. In the end, we not only end up with(B) SetV = ¢, andk = i.

a vectorE without loops, but also the findl satisfies (i) and (C) fx(E ;) > 0 and there exists a linke £ such that(l) =
(ii) since after each step they are satisfied. OJ k andelj >0.SetVtoV & (I).
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a) If r(I) = j, then setyy = min{¢;; : [ € V}. For
alll € V change;; toé;; —min{é;; : l € V}. Go [1
to step (A).
b) If r(1) # j, then se& = r(l) and go to step (C) [2]
Due to Lemma 8(ii), we can make sure that in part (C) there
exists a linkl € £ such that(l) = k andé;; > 0. 3]
In the end(yp : P € &) generated by the algorithm satis-
fies the following:

() DuetoLemma 8(i)y;j € NV, [4]

(5]

Y wp<ey (44)
ieEN PeP;: leP
(6]
(i) Due to Lemma 8(iii)Vi,j € N,
[7]
)\ij — 61()\1‘]‘ > 0) < Z yp. (45)
PeZ;;
. . 8]
Foreach,j € N, P € &;;, define
¥ if A —el(Ay > 0) > 0 ol
zp 2§ Doy’ oW AW (46) po)
0, otherwise.
[11]
We can check that for eaghe N,l € L,
S Y wpp - >0) < Y S yp n2
1EN PEP;;: l€EP iEN PePy;: leP
< ey (47) [13]

The first inequality follows from (45) and (46). The second o 4]
is due to (44). As aresult of (47)zp : P € &) satisfies (38),

and the proposition follows. 115

I. Theorem 2: Achievability Implies Feasibility [16]

With minor modifications, we can use the same techniques
employed in proving the stability implies feasibility (Appendix17]
E). If X = (\;; : 4,5 € N) is achievable, then by Fatou’s

lemma, for alli, j € NV, [18]

T-1
1
Aij < E liqgninfTZWij(t) [19]
T =0 [20]
1Tfl
< liminf — ()}
< IITHLIO%ngE{WU(t)} 21]

. [22]
Suppose that at timé& € Z_, forall i, j € N,
[23]

1 T-1

Aij —€l(d; >0) = D E{W()}- [24]
t=0

To show that\ — €1, > 0 is feasible for alk > 0, we can define [25]
the scheduling vectar = (p(&;v) : v € V, € € &) asin (33),
and the other quantitiesy, v;, similar to the ones defined in
Appendix E. Then, an algorithm almost identical to the one
used in Appendix H can be used to constrilcshowing that
A — €l is feasible.

(26]
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