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Abstract—We study the stability and capacity problems inregu- The Manhattan network is a two-dimensional grid with size
lar wireless networks. In Part I, we characterized the stability and /N x /N (Fig. 1). Every node has four neighbors, and the
the capacity regions, and introduced policies sufficient to achieve nodes on the edge are connected to the nodes on the opposite

every rate in these regions. In this part, we obtainclosed form . . .
expressions for the capacity of Manhattan (two-dimensional grid) edge forming a torus. We use the multipacket reception (MPR)

and ring networks (circular array of nodes). We also find the opti- channel model [3], [4], which is previously considered as an
mal (i.e., capacity achieving) medium access and routing policies. abstraction for CDMA and multiple antenna up-link. We first

Our objective in analyzing regular networks is to provide insights  show that the capacity of Manhattan network is
and design guidelines for general networks. The knowledge of the

exact capacity enables us to quantify the performance loss due to K 1
suboptimal protocols (such as slotted ALOHA and random walk), n= ﬁ + O(N)v
and the effects of link fading and increasing connectivity.

Index Terms— Wireless networks, regular networks, Manhat- where the Coefﬁde_nKl (giveq in Section 1) depend$ only on
tan, multipacket reception, capacity, stability, transport capacity, the channel reception capabilityin case nodes can simultane-
slotted ALOHA, scheduling, optimal connectivity. ously receive multiple packet#; increases but the form of

does not change.
Even though the capacity can be achieved by optimal
I. INTRODUCTION medium access and routing, it is important to quantify the loss
. . because of suboptimal, yet more practical, control policies. We
N Pgrt | of th|s.t_wo pa_rt paper, we characterized the Cﬁ'nalyze two extremes: a simple medium access method (slotted
pacity and stability regions of wireless networks. We als LOHA), and a simple routing (random walking packets). We

con_sndered thaetwork capacityi.e., the n_waxmurrunlformly show that the maximum achievable rate with slotted ALOHA
achievable rate), and found that computing the network capag

. . o . . é'adium access and optimal routing is
ity requires an optimization with respect to medium access an

routing policies. For general networks, however, this task is Ky i)
typically prohibitive due to the excessive dimensionality of the NALOHA = 75 N7

roblem. As a result, one has to contend with certain asymp- L . . . .
b y \Bhere the coefficienf(, (given in Section 1lI-A) is smaller

totics and order computations.§.,[1], [2]). . . .
P G- [1] [.]) . than K;. On the other hand, the achievable rate with opti-

In the current paper, Part Il, we aim to provide an excep- . . S
mal medium access and random walking packe@(m).

tion o this rule. Namely, we analyze certain regular netWorklsnese results suggest that the medium access method in general

for which we can compute the capacity explicitly. We Obtalaoes not change the order of the capacity, but the routing does

analytical expressions for the capacity, and findl&zeling co- : S
o . . hange the order, and a poor routing protocol can significantly
efficientbesides the scaling law. The knowledge of the coeffi-
. . . degrade the performance of large networks.
cient enables us to make comparisons between various desi ; . .
e next consider the case where the links in Manhattan net-

choices which affect the coefficient but not the scaling law. F%ork are subject to time-varying fading. We use the collision

example, we quantify the loss incurred by suboptimal promcoéﬁannel model with a simple model for fading; links become

and the effects of increasing connectivity. We also provide tIBEN/OFF randomly in each slot (ON with probability OFF

Ogﬂgi]:sl lgtl)?lt’h(;aF:ClIJtlira:gtlv?/\c/)Tk%) medium access and routm\%ith probability1 —p). A realization of this network is depicted

P 9 ' in Fig. 1.b, where the OFF links are shown with dashed lines.
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Fig. 1. Examples of regular networks

where the coefficienf(s is given in Section IV. We develop it is not. Later, Tsybakov and Bakirov studied the stability of
bounds on the capacityith LS| (denoted by;#). Namely, we multi-hop ALOHA networks [10]. Besides verifying some of

show that the ratig” /n satisfies the results in [6] from the stability point of view, Tsybakov and
" Bakirov obtained other general stability conditions for arbitrary

1< <286+ O(1/VN). net\_/vorks. Our anallysis of regu.lar n_etworks exter?d Silvester and

n Kleinrock’s results in several directions considering centralized

Furthermore, the bounds are reasonably tiglet, n* /1 is control as well as slotted ALOHA.

equal to2.5 in the limit asp—0, N—oo. Similarly, n* /5 is Gupta and Kumar [1] initiated a formal capacity analysis
equal tol in the limit asp—1, N—oo. These bounds quantify o¢ ranqom and arbitrary networks. Unlike most of the prior

the gain due to the knowledge of link state information. studies which started with a graph model having transmission
Finally, we look at the optimal network-connectivity prob-

I(%;)wers fixed, Gupta and Kumar considered a joint optimization
lem. Gupta and Kumar [1], and Gallager and Bertsekas [5 yansmission powers and schedules. They showed the fun-

P- 3,5,0] discussed the trad_e.-of_f _between thro.ughput. VS. CHlmental result that the maximum per-node throughput scales
nect|y|ty and argued that minimizing transmssmn radius Wh'c?roportional tol /v/N. Our setup is different from that of [1] in
keeping the network connected leads to higher throughput. QUL 16 network igrgodic specifically, the topology and chan-
analysis points out two cases where choosing minimal conngey o ajities form an ergodic process (this is elaborated in Part
tivity is not optimal. In minimally connected Manhattan nety 1'e ergodic network the node connections change in time
works, every node has fgur nelgh_bors. Letus .caII a Ma_nhgtt E'cording to certain statistics, and the links are not permanent
net\_Nork 2-hop connected nodes Increase their transml_ssmrhs in [1]. For the regular networks in this paper we provide the
radius and gets connected also with neighbors of neighborg,,, ity coefficients besides the scaling law. These coefficients,
We show that increasing connectivity from minimal t0 2-N0icy are not apparent in [1], reveal considerable insights about
yields about 5% capacity increase if the nodes are capable %e design of MAC and optimal node connectivity.

receiving eight packets simultaneously. Simultaneous recep-

tions are particularly relevant for networks with spread spec-More recently, a number of other works [2], [11]-[23] stud-
trum and/or multiple antennas; in such systems, we expect pigé the capacity of wireless networks from various viewpoints.
formance gains from non-minimal connectivity. On the othefoumpis and Goldsmith [11], [12] modeled the communica-
hand, in ring networks (Fig. 1.c) the capacity is doubled by r@ion channel using deterministic rate matrices, and defined the
laxing the minimal connectivity assumption. The optimal comotion of capacity region. They also analyzed the capacity re-
nectivity in ring goes to infinity as the network size grows. Thigions of networks considering adaptive modulation and rates
result is true even without muItipaCket receptions. These exaﬂbpending on the channel and interference conditions. Differ-
ples show that minimal connectivity is not always optimal, angnt from Toumpis and Goldsmith, we also consider randomness

there are potential benefits of adaptive connectivity dependifgreceptions. We however do not consider rate adaptation.
on the topology and channel usage.

The network capacity problems have been studied in sev-The organization of the paper is as follows. In the next sec-
eral contexts. The early works focused on the computatition the multipacket reception model is introduced, and a re-
of achievable rates with distributed protocols such as ALOHsgult required from Part | is mentioned. In Section Ill, we com-
(e.g.,[6], [7], [G, p- 346]) and TDMA €.9.,[8], [9]). Silvester pute the capacity of Manhattan networks and provide capacity
and Kleinrock analyzed the capacities of regular networks wittthieving MAC and routing policies. The maximum achiev-
the slotted ALOHA protocol in [6], [7]. Using the collision able rate with slotted ALOHA is also computed. In Section IV,
channel they obtained the throughput of slotted ALOHA in regapacity with fading is analyzed. In Section V, optimal con-
ular networks. They argued that the minimal connectivity is omectivity in Manhattan and ring networks is investigated. We
timal in Manhattan networks with slotted ALOHA, but in ringconclude in Section VI.



Fig. 2. Nodes and transmission ranges in a planar network are shown on the left. The right figure shows the corresponding graph.

I[I. NETWORK MODEL and the2-collision channelC,,
A. Multipacket Reception Channel 0 1 01
1 0 0 0 0 1
We consider networks represented with an undirected grapﬁ71 =11 0 00 C2=11 00 0

such that two nodesand; can communicate directly only if
they are connected with an edge. The graph models are tradi-

tionally used with the collision channel assumption [24]: Twag 5 generalization o€; andC,, we define theM-collision
nodes can communicate directly if they are within a distance channel C. in which simultaneous reception of less than or
transmission from nodéto nodej is successful only if there is equal toM packets is possible; if more theW packets are
no other transmitter within distaneeto node; (see Fig. 2).  yransmitted, then none of them are correctly received.

In wireless networks with CDMA (code-division multiple ac- A motivation for considering thé/-collision channel comes
cess) and/or multiple antennas, the collision channel assurfigm the CDMA with matched filter. In the common SINR
tions do not hold. That is, the nodes might be capable of rgsignal to interference plus noise ratio) threshold model for
ceiving multiple packets simultaneously, and there may be UWpMA [34], a transmitter is considered successful if its power
expected reception errors due to channel time-variation. To gceeds noise plus interference (scaled by the spreading gain)
able to consider such networks, we use the graph models Wjffth enough margin. If the transmission (and reception) powers
MPR [3], [4], [25]-[30]. Suppose that nodes can not transnif the nodes are identical, then this model is equivalent to the
and receive at the same time. Each node can transmit at MPsicollision channel for soma/ proportiona| to the spreading

one packet at a time. In each slot, a node can correctly receii¢gn. Previously, other authors, [25]-[27], conside€&g in
a fraction of the number of transmissions in its neighborhoogifferent contexts.

The reception probabilities are given by fReceiver MPR Ma-

trix C. The entries of the MPR matrix are given as
B. Network Capacity
C,, r = Pr{k packets are receivdd: packets are transmitted

in the neighborhoold The tools necessary for analyzing the capacity of regular net-

works are established in Part I. In this section we restate some

TheReceiver MPR MatrixC is defined by of these results to reduce the dependence.
Consider a network withV nodes. Rate\ > 0 is called
Cio Cia uniformly-achievabléf there exists a scheduling and routing
C=|Coo Cox Cap (1) policy that delivers packets with rate from every nodei to

every other nodg. The network capacitydenoted byn) is

(N — 1) times the maximum of the uniformly achievable rates

(multiplication by (NN — 1) gives the per-node throughput).

Given the transmitting nodes in the network, the successful reAwe will use the notion ofransport capacityto upper bound

ception events at different receivers are assumed independgi¥.capacity of networks. The transport capacity, which is in-

Each transmitter around a given receiver has equal chancetfeduced in [1], measures the maximum rate-distance product.

getting successfully received. To handle randomness in receptions, we need to adapt this def-
The MPR matrix, in general, depends on the channel chémition for the MPR model.

acteristics, the type of modulation used, and the multiuser de-Let! = (i, j) denote the link from nodéto nodej, andd(!)

tection/equalization method receivers apply. A variety of physer, d(i, j)) denote the distance between nodesd; accord-

ical layers has been modeled using MPR and its variangs,( ing to some some distance metd¢). Let AV = {1,--- , N}

CDMA[27], [30], [31] and multiple antenna up-link [32], [33]). be the set of nodes in the network, afde the set of links.

Some simple examples of MPR are tbellision channelC; We denote the packet transmissionséby. £. The transport



capacity is defined as condition on the channel reception probabilities—assumption
(A1). In Part Il, we again assume (Al); how the MPR model

max d(DII(I; €), (3) relates with (A1) is discussed in Appendix A.
et
whereTl(l; £) is the success probability at lirikgiven that the [1l. CAPACITY OF MANHATTAN NETWORKS

set of transmissions iS. When there is no randomness in re- A node in the Manhattan network is determined by two co-
ceptions I1(I; £) can only be one or zero; in this case, (3) regrdinateqz, y) € {0,--- ,V/N -1} x{0,--- ,v/N —1}. We
duces to the summation of distances over the set of succesgifine the distance between two nodes, yo) and(z1, 1) as
links. For the MPR mOdel, Thm. 3 of Part | can be restated &% minimum number of hops to reach from one node to an-

follows. other,i.e.,
Theorem 1:An upper bound on the network capacityis
given by ) d{(z0,y0), (z1,51)} = min{dz, VN —6z}+min{dy, VN—by},
0 < = max > AT E), (@) ©
LN écci—~ whereéz = |zg — z1] anddy = |yo — vy1|. Recall that the

nodes on one edge of the Manhattan network are connected to
8% nodes on the opposite edge; because of this property the dis-
B 1 tance metric is defined as (6) insteadidfxo, yo), (x1,y1)} =
L= NN-T) Z d(i, ). dx + dy. It can be easily seen thd{-} satisfies the triangle in-
i,jEN equality. A simple calculation yields the following proposition.

The theorem is easier to understand if we vieyy; d(i,j)A ~ Proposition 1: In the Manhattan network withV nodes, the
as thework (i.e., the rate-distance product) to be done to unkverage distance between two nodess given by /N /2 +
formly achieve rate\. Intuitively, the work should be less thang(1/y/N), or more precisely,
the transport capacity of the network,

whereL is the average distance between two arbitrarily select
nodesij.e.,

_ VYN /N odd
d(i, )X <max > d(DII(1; € L = W, 7
) < g G L e
Proof: See Appendix B. O

(see [35] for a rigorous proof). This inequality holds for &l
therefore it holds for the the maximum= /(N — 1); after

. . : f the capacity of Manhattan networks.
some algebraic manipulation one gets (4). 0 . . .
In the following sections we will find the capacity of regu- Lemma 1:1n the Manhattan network with uniform traffik,

lar networks. Before going into the details, we first outline m}pere exists a routing vector such that the traffic over anyilink

methodology. Theorem 1 is our main tool for upper boundin'a AN —1)L/4.

the capacities of regular networks. In order to apply Theorem Proof: See Appendix C. O

1, we will compute the average path lendttand the transport Lemma 1 is a load balancing property; it guarantees the exis-

capacity. After finding an appropriate upper bound on the neénce of a routing protocol that distributes the traffic load over

work capacity, we will show that the upper bound is achievatle linksuniformly. In its proof, we show that evegymmetri¢

exactly, or approximately with an error of ordéx(1/N) (or, shortest pathrouting satisfies the desired property. Because of

with an errorO(1/N?) in ring networks). Specifically, we will using the shortest paths, the quantity in Lemma 1 is the mini-

find routing and scheduling vectors such that the correspondim@gim load that has to be put over the links to achisve

RTD (Randomized Time-Division) policyc(f. [35]) achieves  Let

the upper bound. The basic idea behind optimal routing in n

regular networks is to use shortest paths while balancing the Cn = Z kCok

routing load. On the other hand, we will see that the optimal k=1

MAC problem is equivalent to packing the maximum numbetenote the expected number of correctly received packets given

of transmissions into a regular lattice. thatn packets are transmitted. The next theorem characterizes
The RTD policies are introduced and analyzed in Part |. Tliee capacity of Manhattan networks.

medium access in RTD relies on probabilistic resource shar-Theorem 2:(Capacity of Manhattan network&et » be the

ing. Namely, in each slot a randomly chosen set of links agapacity of a Manhattan network &f nodes each with MPR

activated according to a certain probability distributiestije matrix C. Define

so-calledscheduling vectQr The routing in RTD uses a similar

The following lemma will be used to show the achievability

idea; each packet is assigned a fixed route randomly according n* = max ,Ci i
to a distribution over routes={therouting vectoy}. In part I, we =4+ 1L
established a natural condition for achievability and stability: o following relations hold:

the traffic over each link is less than the average success rate

overl, then all packets are eventually delivered to their destina- n < nf

tions; the target rates are achieved, and the queues do not blow 1
up. However, we observed that this is true only under a mild no= n+ O(ﬁ)

4



T=1|7=2|7=3|17=4 Consider the optimization problem
e, | 4 3 4 5

4 i .
L 1 J
maximize ¢ = N Z Z ;OiAij (13)

i=0 j=0

TABLE |
e+ VERSUST.

4 )
subjectto Y > (1+j)A; <N

i=0 j=0
3 I . g S = @@ Ay >0,
e I """" e I IH where the maximization is with respectreal valued 4;;. In
o o e S I ,,,,,,, P PSS the original problem, thel;; can only take integer values. Since
we relax this constraint (and some others), the solution of the
(@ (b) (@ above optimization yields an upper bound on (12).

Fig. 3. Figures illustrate the definition of;;. In (a), the node in the center Opt'm'za'F'O” in (13) is a linear programming problem, and
receives2 packets intended for itself, ariipackets intended for other nodes;its solution is well known to be at one of the extreme points of

therefore, itis an element of the sét 2. The node in the center in (b) receivesthe constraint set. Namely the solution is attained at
2 packets for itself, and 1 packet intended for some other node; itdgip. In !

(c) the node in the center is not an element of ayy; since itis transmitting. N ifi=1,j=j
' Ajj=4q IV N
J 0, otherwise,
Furthermore, ify' N is divisible bye,, thenn = n*, where for some0 < j' < i/ < 4 (the constraint set is a simplex, and

these are its corners). When we substitute the possible candi-

C; ) g
T = arg max EE (9) dates ford;; in (13), it is seen that
i=1,---,4
4 i .
L . 1 J
ande. is given in Table I. & = — Z Z ZC; Ay
Proof: First, we will argue that LN =t
1 _ 1 J’ C.
N (&) <n* (10) Ly +1)
lel 1 C‘I
- : , < = (15)
for every transmission sét The distance between two neigh- Li+1

boring nodes i, and the previous inequality proves< n* as < "
a result of Theorem 1. : : . "y . . .
. . . The inequality (15) is becaugé/(j’ + 1) is an increasing func-
To see (10), we will classify the nodes in the network a fon of j/ < i’. Thus, (10) holéé and*) is an upper bound on
cording to the transmission sét Every node either transmitsthe network capacity,
a packpt or stays in Fhe reception mode. Eve.ry node the ._Next, we will show that)* + O(1/N) is achievable. For this,
reception mode receives two types of pacl_<ets. the packets i will use the RTD policy specified by the routing vector in
tended for the receivet, and the packets intended for othef g5 1 and a special scheduling vector which will be called
nodes. LetA;; be the set of all nodes that do not transmit, \/oR scheduling The 7 used to achieve)* + O(1/N) is
receivej packets for itself, a_md recei\z’e—_j packets transmit- defined by (9). Inr-MPR scheduling, the network is tiled using
ted for other nodes (see Fig. 3). Defidg; = |A;;| as the o \pR pattern (see Fig. 4) and its shifted/rotated versions.
number nodes itd;;. Note thatd;; can be non-zero only for |, - _\ipR every scheduled receiver receivemackets intended
0 <j < i< 4, since nodes can receive packets from at MO jiqeit. |t can be observed that theMPR patterns can tile
four other nodes. Every node in the network can transmit Ofs network if and only if/N is divisible bye. (Table I).

packet at a time and for every receiver in sgf there existy To demonstrate the use ofMPR scheduling, suppose that
other transmitters in the network. Thg; must satisfy 7 =1 (e, = C,/2L) andV/N is divisible by 4. In this
4 case, 1-MPR pattern and its shifted/rotated versions (Fig. 5)
Zz(l +j)Ai; <N, can tile all of the network. We call each shifted/rotated ver-
=0 =0 sion of 1-MPR pattern as @haseof 1-MPR scheduling. For

_ _ medium access, we assig)yi8 probability to each phase in Fig.

since the total number of nodes in the networRVis 5. With this assignment of probabilities each node gets a chance
At a node receiving' packets for itself and receiving— j  to transmit to each neighbor with probabilitys. The proba-

packets intended for other nodes, the expected number of ggifity of success of each transmissionds. As a result, ev-
rectly received packets for itself i$C; (see Appendix D). ery node successfully transmi€% /8 packets on the average
Therefore, the expected number of successful transmissionsiglieach of its neighbors. Supposing that 1-MPR scheduling is
vided by LN is used together with the routing vector provided by Lemma 1, all
rates\ satisfying

! o Ly ;
N > OT(E) = T Z Z - CiAij. (12) (N-DAL _ G, (16)
leL i=0 j=0 4 8

IN



T < 29
PIrE pyy R W

a) 1-MPR b) 2-MPR c) 3-MPR d) 4-MPR
4x4 nodes 3x3 nodes 4x4 nodes 5x5 nodes

Fig. 4. Different scheduling patterns forMPR, T € {1, 2, 3,4}. Dashed lines are the links, and the arrows are scheduled packet transmissions.
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Fig. 5. Eight phases of the 1-MPR scheduling in a network witmodes. In each slot, the medium access protocol applies a randomly selected phags with
probability.

are uniformly achievable. This shows that= n* /(N — 1) is In large networks topology discovery may not be feasible,
uniformly achievable. and nodes may not be able use shortest routes. Similarly, dur-
Using identical arguments, it is seen that n* /(N — 1)n*  ing network initialization nodes spend some time discovering
is achieved uniformly by--MPR scheduling whenevey N is the network and may not be able to use the optimal routes. Gos-
divisible bye,. In caseV/N is not divisible bye,, 7-MPR pat- siping [36], flooding, and random walk [37] are alternatives that
terns can tile all of the network but a small portion. In generailo not require the nodes to know the whole network topology.
the number of nodes which can be scheduled wiHdPR is In random walk, the packets are relayed at each consecutive
N + O(v/N). Again by using shifted/rotated versions of théop to a randomly chosen neighbor with uniform probabilities.

7-MPR, If the network is connected, every packet eventually reaches its
1 14 O(L) Ci 17) destination, although the delivery may take a long time. In the
4 VN’ i=1,4 (i + 1) proof showing the achievability of we used shortest path rout-

_ . _ing, which gives average path lengthproportional toy/N. In
traffic can be supported over each link. Tél//N) factor in [38], [39], it is shown that in Manhattan networks with random

(17) is negative, and it decreases the link capacities. TherefQfgking packets the average number of relays needed is of the
in generaly)” may not be achievable, byt + O(1/N) canbe ger N 10g N. Using an argument similar to the one in Theo-
achieved. The achievability part of the theorem follows. [0 .o, 2. it can be easily seen that the maximum achievable rate

As aremark, note that-MPR is the sch_edgle th_at maximizegNith random walk routing i@(mi N) whereas the capacity
the total number of successful transmissions in the network. 8

This is true exactly ik dividesy/N. Otherwiser-MPR pro- scales. as\/l—ﬁ. This resu.lt shows. that the cost of I.ack.ing (or
vides a good approximation for the schedule that maximizB8" using) the topology information can be very high in large
the total number of successful transmissions. To see this, Ié}estworks.

look at the simpler case where theMPR pattern can tile all o

the network. Inr-MPR, there areV/(r + 1) receivers in the A. Capacity with Slotted ALOHA

network each receiving packets. Thus, the total number of In a distributed wireless network, topology-specific schedul-
successful transmissions in the networlkMg’, /(7 + 1). This ing may not be implementable in practice. On the other hand,
quantity divided byL N is shown to upper bound tigein (15). it is important to quantify the performance loss due to subop-
Hence,7-MPR maximize< and, equivalently, maximizes thetimal, but easily implementable MAC protocols such as slot-
total number of successful transmissions in the network. ted ALOHA. In the next theorem we will give the highest rate



achievable with the slotted ALOHA. We consider the capacity M=1M=2 | M=3|M=4
setup where every node has infinitely many packets waiting in n-vVN 1.00 1.33 1.50 1.60
its queue to be delivered to the other nodes. In slotted ALOHA, 14,054 -vVN | 0.16 0.34 0.46 0.50
every node randomly and independently makes a transmission

decision in each slot; a node chooses to transmit a packet with TABLE Il

transmission probabilityy, the neighbor to be transmitted is CAPACITY VS. SLOTTED ALOHA CAPACITY

chosen with uniform probabilities. If nodedecides to trans-
mit over link! = (4, 5), it chooses a rout® with probability
Q(P,1). 2 Then, if it has a packet with rout, it is transmitted
over link [; otherwise, a packet with souré¢eand destination

is transmitted. Symmetric, shortest path routing is assumed.

is uniformly achievable Maximizing (21) with respectg¢pwe
seethatalh\ < naroma/(N — 1) are uniformly achievable.

N ) For the converse see Appendix E. O
Theorem 3:(Capacity with slotted ALOHAYhe capacity of o " .
a Manhattan Network with slotted ALOHA is Omitting an additional O(1/N) factor, rewrite n and
NALOHA @S
1 1 /4 C
k 5—k 1 205
NALOHA = — Inax ( >q (1-¢q)° "C. ~ i
4L 0<qg<1 kz:‘: k n N i:I?EXA 1+1
With th issi babili 1 ~ (4 Cr
ith the transmission probability ~ k(1 — g)°—kZE
Naroma = o max Z (k)q (1—-9q) 5
. 4 -
_ k(1 _ \5—k
Imaz = aggqngxz (k>q (1-a)""Ck, The above expressions show that the scaling la@(is/v/N)

k=1 and the per node throughput goes to zero both with optimal

every rate\ < naroma/(N — 1) is uniformly achievable with scheduling anq slotted ALOHA. This is simillar to t.he cap.acity

slotted ALOHA. There does not exist agychieving rates, > 12w observed in [1]. The main reason behind this fact is the

naroma/(N — 1) uniformly. uniform traffic Whlch_glves average pf';\th length= O(V/N).
Proof: Consider an arbitrary link = (,7). We will Another factor aff(_actmg the capacity |_s_the performance of_the

first compute the expected number of successfully transmittf\C protocol, which affects the coefficient but not the scaling

packets ovet. In order to receive a packet, nogienust stay 2W. As a numerical example, consider the MPR matrix/fr

in the reception mode (this is with probability— ¢), and the CO"'S_'O” ghannel,()M. ForM & {1, 2’_374}= nandnaLona

nodei must transmit a packet to nogléthis is with probability are givenin Table_ 1.1t is seen that hqvmg the best MPR _channel

q/4). The probability that < &’ < 3 other neighbors of node Cy gives onlyl.6 times improvement iry over the convgntlonal

j transmit is(s)qk’(l _ q)s—k/_ Given thatj does not transmit, colhs!on channeCl. On the othgr hanq, in the coll|§|on. chan-

i transmits a packet tg, andk’ other neighbors transmit, thenel (first column in Tab_le ), usmg.optlrr.\al scheduling instead

probability of success over linkis ék/+1,1 = Chgr /(K +1). of slotted ALOHA provides about times improvement.

(Cxr41 is the expected number of successful receptions given

k’'+1 transmissions. Each transmission has equal success prob-1V. M ANHATTAN NETWORKS WITH FADING LINKS

ability.) Therefore, the expected number of successfully trans-gy5h0se that each link in the Manhattan network is ON with
mitted packets fronito j is probability p and OFF with probability — p. (Here, we mean

3 undirected links; the linkgs, j) and (j,¢) are always in the
q 3 ’ = H
(1- Q)Z Z <k'> ¢ (1-q)? k Crri1. same ;tate.) Assume that the network policy dqes npt know
P which links are ON or OFF, and the nodes transmit their pack-

ets without knowing if their link is ON or OFF. This will be
By settingk = k' + 1, we obtain the expected number of sucealled a network without link state information (LSI).

cessful transmissions as Suppose that nodetransmits to nodg. If the link (7, j) is
ON, and ifj is the only transmitter in’s neighborhood whose
1 4\ 4 5_k link with 7 is ON, then the transmission is successful; it is un-
16 ; (k)q (1=a)""Ch. (20) successful otherwise. This channel can be expressed using an
MPR matrix
Under the slotted ALOHA protocol, the network is identical
to the heavy loaded network in Part I. Therefore, if symmetric, 1 ; zlp— ) 2 (1p_ )
shortest path routing is used, th&satisfying C, = P P P p

0
1-3p(1—p)* 3p(1—p)* 0
1—4p(1—p)*> 4p(1—p)* 0

In the MPR matrix, the entry’;, ; is the probability thatt
2Q(P,1) is defined in Sec. 3, [35]. This quantity is chosen to assure faipei(‘:]hborS transmit and one of them gets through, which is the
ness,i.e?,each route (traffic s.trel’:lm) r;assing through link given bandwidth case Only when one link is ON and the rést 1 are OFF; the

proportional to its data rate. probability of this event iilf)p(l —p)FL,

0
= 4 0 0

W= DA 741)AL % > <:) F1-q°FCy  (21)

k=1

IN



1 : : : : Moreover,

" n*
0.8 ] lim — =25 and lim — =1. (24)
N—oo 1) N—oco 7]
p—0 p—1
06l 1-MPR ] Proof: We will first discuss the extreme cages- 0, p ~

1. In these two regimes the results are easy to understand since
there are simple strategies with performance close to the opti-

Achievable rate

o
ES
T

mal.
2-MPR
0.2+ 3-MPR
4-MPR
% 02 04 0.6 0.8 1 /a\ /b\

Probability of link being ON \J \/

1 T—1
Fig. 6. 7-MPR curve shows% 2p. Thisisv/N times the rate achiev-
able with7-MPR scheduling in a Manhattan network with fading links. Upper
envelope of these curvesisv/N. The performance of the scheduling patterns
is opposite for smalp, i.e., 4-MPR gives the highest throughput and 1-MPR . . .
gives the lowest. Fig. 7. Scheduling example with LSI

) ) ) If p ~ 0, then very few links are ON, and the optimal strategy

For this channel, Theorem 2 gives the network capacity asg transmitting over almost every ON. We describe a strategy

01 oyiel that will be calledall ON’s scheduleahext. Leta andb be two
1 i(1—p) ) :
n= N ax WQP. nodes in the network (Fig. 7). In every slot, schedule a trans-

T mission over link (a,b) if and only if the link betweenandb
Theorem 2 also gives a way to schedule packets optimally. Tise¢ON, and all of the other six links connectingandb to their

value of respective neighbors are OFF. Choose the direction of transmis-

i1 sion randomlyg to b with probability1/2, andb to a with prob-

T = argmax M ability 1/2. With this scheduling the traffic that can be carried
=14 (i+1) in each direction ig(1 — p)®/2 (this is the probability that the
1 1>p>1t link is scheduled in a direction). Using a symmetric, shortest
B 2 l>p> 4% - path routing we see that rates less tBafl —p)® /(N —1)L are
- 3 % >p> 15 (22) uniformly achievable. Furthermore, rates ab@y¢(N — 1)L
4 £>p>0 are not uniformly achievable. This is true, since there are total

2N (undirected) links in the network and the expected num-
determines which-MPR pattern (Fig. 4) to use as a function ober of ON links is2pN. Therefore, the transport capacity av-
the severity of fading. From (22), it is apparent that one showglaged over the link states is upper boundedpiy. As it
use higherr's whenp is smaller. Using higher for smallp s done in Part I, Theorem 1 can be extended to include net-
can be interpreted as multiuser diversity. For instance wheryorks with multiple states by replacing the transport capacity
is very small, in the neighborhood of receiver it is a very smal the upper bound by thaveragetransport capacity. There-
probability that there is more than a single link ON. Thereforggre, y# < 2p/L follows.
4-MPR scheduling (namely, “all neighbors transmit to the node we have just shown that
in the center” strategy) increases the probability of successful

transmission, and does not lead to frequent collisions. The rates 2p(1 —p)° <t < 2p (25)
achievable withr-MPR schedulingr € {1, 2, 3,4}, are shown L ==
in Fig. 6. . -
It is an interesting question to ask what would be the my_\/hen all sides are divided by
provement due to having and exploiting the LSI. In case of LSI, p(1 — p)? 1
the optimal policy again follows a similar idea: given the fad- "=""% {1 + O<\/N)] )

ing configuration, find and use the transmission schedule that

maximizes the number of successful transmissions. Howeuwgt get

in this case itis very hard to compute the achievable rates since

there are numerous fading configurations. The following the®{l — p)* {1 + 0(1)] < n* <_ 5 [1 4 0(1)]

rem gives some bounds on the capacity with LSI. 2 VNI~ n —21-p)3 VN
Theorem 4:(Capacity of Manhattan networks with L3¢t

n# be the capacity of the Manhattan network with LSI. Then,TheO I?\‘;_t hand side of (24) follows when we take the limit
p—0, N—o0.

“All ON’s scheduled” strategy almost achieves the capacity

#
n
I< n <2.86+ O(l/\/ﬁ). (23) with LSI, which isn# ~ %p for p ~ 0. However, without LSI,



the optimal strategy is 4-MPR scheduling which uses @ly As before, the extension of Theorem 1 with the average trans-
of the available links (this fact can be seen by counting the numert capacity giveg* < (1 — (1 — p)*)/2L. When we divide

ber of used links in Fig. 4.d). This gives the “all ON’s schedby 7,

uled” strategy an advantage 26 times over 4-MPR schedul-

ing. n _ n*
Next, we will look at the regimg ~ 1. Note that the capacity 7 n*(1+ 0(1/\/N))
with LSl is always less than the capacity without fading,, (1 — pyi-! -1 (1—p)t 1
n* < 1/2L. Moreover, the capacity with LSl is greater than < | max A —D P +O0(—=).
capacity without LSl < n#. Hence, the following holds =L (i+1) 2p VN
Py O(L) e < 1 The last quantity is upper bounded By853.. + O(1/v/N),
2L VN'| == 2L which is achieved gt = 0.1111... Therefore, (23) follows. O

for p > 1/4. Divide all sides by,
o ) V. OTHER REGULAR TOPOLOGIES ANDOPTIMAL
1< n <= {1 + O()] . CONNECTIVITY
P VN Consider a Manhattan network with 2-hop connectivigy,,
Taking the limitp—1, N —oo gives the right hand side of (24). every node is connected to neighbors two hops or one hop away
One conclusion is that jf ~ 1 then almost all links are always (there are twelve such neighbors, see Fig. 8.a). Consider the
ON, and with LSl usingl — M PR is almost optimal. The scheduling pattern in Fig. 8.b. This pattern can be used under
results forp ~ 0, p ~ 1 also suggest that the knowledge of LSthe assumption that the nodes can perfectly receive 8 packets si-
is more valuable whep is small. For high values gf, LSl is multaneouslyi(e.,the MPR matrix iSCs—this channel can be
less important; one can simply use 1-MPR scheduling. viewed as an abstraction for CDMA with high spreading gain).
Next, we will upper bound the transport capacity for an akhen we tile the network with such a pattern, approximately
bitrary p. Let &, be the schedule maximizing the number 08/13 of the nodes are transmitters and the 1/13 nodes are re-
successful receptions when the network is in stat€The net- ceivers. Each transmitted packet moves 2 distance units, and
work statev denotes the state of every link; in accordance witlhe expected progress (rate-distance product) with this schedul-
Part I, we denote the probability density over the network statieg is
by p(v).) Without loss of generality assume that each link 16N +OWN).

in the schedule, is successful. Hence, the transport capacity 13

averaged over the set of states is equal to This quantity is higher than the expected progress withithe
MPR pattern in a 1-hop connected networle.( the network
Zp(v) Z (I € &) considered in previous sections). 4AMPR scheduling, ap-
proximately 1/5 of the nodes are scheduled as receivers and
Observe thad ;.. 1(I € &,) is equal to each receiver getg packets moving a single distance unit.
Hence, the expected progress WitMPR scheduling is

v lel

1
>3 1((i.9) € & or (4, 1) € &, for somey),
2 - 4
ieN N+ O(VN).
where the factot /2 comes from the fact that each successfully
transmitted packet is counted twice; once at the transmitter, arelre, we see that multipacket receptions, which is the case in
another time at the receiver. So, we can write the average tra@®MA, can not be exploited sufficiently if the connectivity is

port capacity as not high enough. In the next theorem, we argue that the increase
1 in expected progress translates to increased achievable rates.
Zp(v)§ Z 1((i,5) or (4,1) € &, for somey) Theorem 5:(Capacity of the 2-hop connected netwoklet
v ieN n2—gop be the capacity of &-hop connected Manhattan net-
1 i i .
=2 Z Zp(v)l((z’,j) or (j, i) € &, for somey). work with MPR matrixCg. Then,
iEN v 16 1 1 16 1
, . . o —7 +0(5) <ne—mor < —= (28)
The final sumy_, p(v)1((4,5) or (j,i) € &, for somej) is 13L N 9 L

nothing but the expected number of successfully transmitted-qr : : 41 1
received packets by node Since every node has four neigh--IQne ontver::)oulnﬁ 's about %:h(ljg:/lertﬂag] 5 f\;?ﬁ&ghe
bors, this expectation is less than or equal to(1 —p)*, which capacily ot a 1-nop connected Manhattan hetwor .

is the probability that at least one out of four links is ON. Thus, Proof: The a_chiev_a_bility .Of the lower bound is essentially
we have proved the following upper bound same as the achievability @fin 1-hop connected Manhattan

networks. The differences and similarities are the following. In

1 i -
ZP(”) Z 1e&) < 5 Z(l —(1—p)Y a 2-hop connected network, it is advantageous for packets to

- et v move 2 hops per transmission rather than 1-hop. The routing

o 1 3The lower bound in (28) is achievable for evely,;, M > 8. Hence, this
- 5( - (1 - p) ) statement is true for any su€h,, .
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Fig. 8. (@) The neighbors of in the 2-hop connected Manhattan network are shown. Consider the node in the center (majkddhaitotal 12 neighbors,

four of them are 1-hop neighbors (marked with and eight are 2-hop neighbors (marked v#jh (b) 8-MPR scheduling in a Manhattan network with two hop
connectivity. The network is divided into groups of 13 nodes. In each group the node in the center is the receiver, the receiver’s two-hop neighbors are transmitters,
and the 1-hop neighbors of each receiver stay idle.

vector achieving the lower bound uses this idea; packets keefThe previous theorem bounds the capacity fahenMPR
jumping 2 hops until they reach to the destination, or to a 1-hapatrix. Namely, it addresses the question “Given the physical
neighbor of the destination after which they have a single hoplayer, what is the best MAC/routing/connectivity?” For exam-
go. The traffic load over links can be balanced in a way similate, this question is relevant to CDMA networks, where multi-
to Lemma 1. Moreover, in a large network the traffic for thpacket reception already exists. To find the ultimate network ca-
1-hop neighbors is negligible compared to traffic for the 2-hqgpacity, one ought to optimize with respect to the physical layer,
neighbors. In a load balanced network 8:#®PR pattern and too. However, we do not attempt this optimization in this paper.
its shifted versions achieve the lower bound. Next, we will consider the ring networks. Assume that the
Next, we will prove the upper bound. Consider a transmisiodes are uniformly placed on a ring with unit circumference
sion schedul€. Let k be a node hearing hearifgg transmis- (see Fig. 9). The distance between nodad nodgj is given by
sions from its~-hop neighbors; = 1, 2, intended for itself. Let d(i,j) = min{é,1—4}, whered = |i —j|/N. We will consider
Aj, i, be the number of all such nodesfinObserve thaj,, j» the following simple reception model which is an extension of

must lie in the collision channel: If (i, jx) : k =1,2,--- , K} is a set of
o . _ . transmitter-receiver pairs then the transmission figro jj, is
T =A0,J2) € 21 11 < 4,51 +j2 < 8} successful if
(this is under the assumption that every transmitter is success- d(iy, i) > d(ir, jr) forallr k.4

ful; otherwise, we can eliminate some unnecessary transmis-
sions from€ without affecting the successful ones));, ;, must The rationale behind this model is that each transmifteises

satisfy just sufficient power to reach its destinatign this transmis-
Z Aj (14 41+ j2) < N, (29) sion causes interference to all nodes witt{w., j,-) neighbor-
(1G9 €T hood of the transmitter, and negligible interference to the nodes

outside. Transmission fromy, to j; is successful only ifjy is
sufficiently far apart from every other transmitter.
Lemma 2: Suppose that each transmissionj) is repre-

since the total number of nodes is less tianFurther, observe
that

1 1 ) _ sented with an arrow fromto ;j with lengthd(i, ). Then, the
N Zd(l)H(l, £) = N Z Ajrga U +252)- B0) grows corresponding to two successful transmissions do not
leL (J1.52)€T intersect.
Maximizing (30) under the constraint (29), adgd; being non- Proof: The proof is by contradiction. Consider two suc-
negative and real gives cessful transmission§1, j1), (i, j2). If jo were _be_tween'l
and ji, then (is, j2) could not be successful. Similarly, i
1 1 o . . . : g
1 Zd(l)H(l;e) < X max J1 + 72 were betweem_1 andj, an'dyz were outS|dg, then thes, j2)
LN e LN (j1,ja)eT 1+ j1 + Jjo arrow would either go ovef; (which makesi,, j1) unsuccess-
€ 16 1 ful), or would go overi;. In the latter case, to makg, j2)
=51 successfuj, must be at least(i;, j;) apart fromi;. However,
] ] 4The results in this section can be generalized with minor changes to the
We get the upper bound by invoking Theorem 1. O modeld(ir, j) > (1 + A)d(ir, jr) for someA > 0.
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if jo is placed that apart, then the interference frgnmakes of the traffic is diverted to neighbors less thahops away (for
(i1, 1) unsuccessful. 0 such packets’ < 7 RING scheduling is used). The main ideas
The previous lemma says that the premium quantity in tta@e same as the ones in Theorems 2 and 5, and we will not go
ring is space. The summation of the lengths of the arrows cémough the details to avoid repetition.
not exceed the circumference of the ring. Therefore, the trans-The average path length in the ring satisfles- 1/4. Fur-
port capacity of the ring is upper bounded by 1. thermore,
Let's see how close we can approach to the transport capac- L=1/4+0(1/N).
ity. We will consider two casest-hop connected ring (nodes ) , , .
are restricted to communicate with their nearest two neighi® Will do this computation only for oddV; the other case is

bors) and the ring without constraint. An important obsefiMost identical.

vation is that in thel-hop connected ring we can use a one- N—1
dimensional analogue dfFMPR scheduling; see the so-called I = _1 d(0,1)
1-RING schedulingn Fig. 9.b. Thel-RING pattern can be N-1 i—1

used to cover all ring, and it uséslf of the space available. (N=-1)/2 .
That is, when the number of nodes is even, half of the nodes get - 1 M
a chance to transmit and the distance of each transmission is (N -1) = (N=1)/2 N
1/N. Therefore, the expected progress (rate-distance product) (N—1)/2

is 1/2. Similarly, the expected progress BRING scheduling _ 2 i
for odd N can be obtained a2 + O(1/N). N(N -1) —

In the ring without constraint there are other possibilities for 9
communication. In particular, consider the so-calteRING = 2 N -1
schedulingin which every packet jumps hops (see the- N(N-1) 8
RING example in Fig. 9.c). Im-RING the transmitter-receiver _ N+1
pairs are given by 4N

1 1
0,7), (27 + 1,7+ 1), (2(r + 1),2(r + 1) + 7), = ;HO0F)

B+ 1) +7.3(r+ 1)), In the unconstrained ring, the transport capacity is upper
where the list is truncated at the point either a transmitter odg@unded by 1 as argued after Lemma 2. Therefore, the capacity
receiver index goes abov€ — 1. If the 7-RING pattern per- is < 1/(INL) by Theorem 1. Sincé& > 1/4, we get the upper
fectly covers the networki.e., N is divisible by + 1), then boundnrryc < 4/N.

N/(7 + 1) transmissions each overhops are scheduled. This In the minimally connected ring, we need to prove that the

means the expected progress-éRING is7 /(7 + 1). For gen- transport capacity is upper bounded bi2 + O(1/N) under

eral N 7-RING may not cover the network, but the expectethe restriction that nodes can only talk to immediate neighbors;

progress is- /(1 + 1) + O(1/N). this can be easily done using a technique identical to the ones
From these observations we see that the expected progreds iBheorems 2 and 5. The upper bound fer r;n¢ follows.

an increasing function of, and thel-RING scheduling gives O

the minimum expected progress. In the limit>o0, we get

7/(T + 1)—1. Since the transport capacity can not be larger

than 1, we see that the RING patterns achieve the transport

capacity in the limit. The following theorem gives analogous " Part Il, we applied the RTD policies and the flow analy-
results for the network capacity. sis to the ring and Manhattan networks. We obtained a closed-

Theorem 6:(Capacity of the Ring)The capacity ofl-hop form expression for the capacity of Manhattan networks and an-
connected ring is alyzed the impact of link fading, link state information and the
topology information on achievable rates. We also compared

VI. CONCLUSION

M_RING = 2 + O(i). (32) @ suboptimal scheme that uses ALOHA as its medium access
N N2 to the optimal policy that jointly optimize medium access and
On the other hand, the capacity of the unconstrained ring safi@uting. We finally examined the effect of variable connectivity
fies on the capacity of Manhattan and ring networks.
ar 1 n O(i) <y <4 (33 The results for regular networks have ramifications for MAC
T+1IN N2/ = TIRING = 7y in arbitrary networks. In Manhattan networks with multipacket
for everyr = 1,2,---. Therefore, the capacity of the uncon+eceiving nodes the-MPR patterns (Figs. 4 and 8.b), namely

strained ring is double that of the minimally connected ring. “neighboring nodes transmit into the center” strategy, was
Proof: 1-RING scheduling and its shifted versionshown to be optimal for medium access. Th&IPR schedul-
achieve (32). The generalRING, 7 > 1 achieves the lower ing locally resembles to an up-link especially fotarge. We
bound in (33). The routing uses shortest paths; packets-hopxpect this type of scheduling to be useful in arbitrary networks
hops until they reach the neighborhood of their destination.where multipacket reception is possible with multiple receive
The shortest path routing, as before, balances the traffic. Fantennas or spread-spectrum. Th® PR scheduling and-
ther, for largelN, it can be seen that only a negligible fractiorRING scheduling (Figs. 4 and 9), namely “transmitters turn

11



(a (b) (0

Fig. 9. (a) Aring network with 8 nodes. The circumference is of unit length, and the distance between any two neighbors is 1/8uRitslGl®cheduling in
a ring with 8 nodes. (c}-RING scheduling in a ring with 25 nodes.

each other their back and transmit” strategy, were shown to Befine
optimal in networks without multipacket reception. We expect _ o ‘
this idea to be useful in wireless networks with parts locally re- Cnx = Pr{{ir iz, - ix} C F | € ={1,2,--- . n}},

sembling to a one-dimensional topology. Examples include 3. | . . . .
. 9 . . pology P wef'nch is the marginal probability of success for the transmitters
wireless LAN in a corridor, or a group of nodes on a street or{a } , . :
1,42, - , i +. A simple counting argument shows that

highway.

There is an important open question related to the capac- n
. . . ~ n—k\ Cnm
ity of arbitrary networks: Does our analysis for regular net- Cni = Z i -
works carry over to arbitrary networks? In regular networks it ek N (m)

is shown that the transport capacity provides tight upper bounds

on the capacity. This upper bound is not always achievable(ial) We require the marginal probability of success to be
arbitrary networks, however, it suggests a general duality rela- lower when there are more transmissiares,

tion between the transport capacity and network capacity. To . .

see what we mean by duality, recall that the transport capac- Crik 2 Crny ik (37)

ity upper bound, inequality (4), is valid for all distance metrics forall k < n. <
satisfying the triangle inequality. Hence, the upper bound min- =M e

imized over all distance metrics is still an upper bound. Bu-{—hIS condlltlon IS eﬂuwalent to (A1) in Part 1, and it eliminates
how does the minimized upper bound compare with the ndfiPR matrices such as

work capacity? Under what conditions is the minimized upper 1 0

bound achievablé?These are some questions which seem to c—|o o1

deserve further attention. ’
APPENDIX which is not encountered in practice.

A. Assumption (A1) for the MPR Model

In part I, we characterized the capacity and the stability r8 Proof of Proposition 1
gions under a mild condition—assumption (Al). The MPR The average distance a packet originating from nddsvels
model is a special case of the model in Part I, and we neisdsame for ali. As a result of this symmetry, we can compute
an equivalent condition. Lef = {1,2,---,n} be the set of L by averaging the distances between the node (0,0) and the
transmitting nodes neighboring a receivéf;, is, - - - ,i;} be other nodes in the network,
anyk-element subset dfl, 2, - - - ,n}, andF be the set of cor-
rectly received packets by the receiver. Note that the numberof 1 VA<t VA<!
k-element subsets &f is (2) and an assumption of the MPRL = N_—-1 Z Z d{(0,0), (z,y)}
model is that the reception event of evérelement subset is e=0  y=0

with equal probability. Then, 1 VN-1VN-1
~_1 Z Z min{z, VN — x} + min{y, VN — y}
=0 y=0

.. . Cn k
Pr{F = {i1,ia, - yix} | E={1,2,--- ,n}} =
(k) 2 /N VN-1
5An anonymous reviewer pointed out that for a given distance metric the — N —1 Z m1n{m7 VN — l}
upper bound is achievable if only if the traffic requirements is such that the z=1
network can continuously operate according to the schedule(s) that attain the
maximum in (3). The two cases follow from the last expression.
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C. Proof of Lemma 1 To see (40), make a change of variabjés- 5 — 1,
In the following we will only consider link$é connecting two

neighboring nodes, and paths= (I, 15, - - ,lx) composed of Z Z zpl(l € P)

such links. IfP = (I1,ls,--- ,1x), we say that the number of LIEN PEPi;

links on pathP is k, and write| P| = k. We denote the set of - Z Z Z zpl(l € P)
(non-cyclic) paths fromi to j by &;; and & := U; ; %;;. A JENIEN PED, 1,

routing vectorH = (zp > 0 : P € &) shows the traffic flow ]
in the network. For som® € #;;, zp is the fraction of traffic Z Z Z rpyil(l € P +1)
following path P (we requirezpeg,,w_ xp = 1foralli # j). JEN PEP, ;1 iEN
A routing vectorH = (zp > 0: P € &) is called ashortest Z Z Tp Z 1(le P+i).
pathrouting vector ifxp > 0, P € &;; implies|P| = d(i, j). JEN PEPy 1 iEN
For a given source destination pair there exists many routes
with the minimum path length. It is the objective of a routind-ast equality is due to the translation invariance of the routing
vector to use shortest distances while distributing the load umictor.
formly among links. In this appendix, we will prove that all The links in a Manhattan network are in four directions: up,

symmetri¢shortest path routing vectors satisfy down, left, right. The numbe¢(P,![) is the number of links
_ in P which are in the same direction with Definition (41)
S OY - (N-1)L (39) assures that(P,1) depends only the direction éfbut not its

4 location,i.e.,y)(P,1) = (P, 1 + ¢) for everys.

i,jEN PEP;;: l€P .
Eqgn. (40) can be interpreted as follows. Suppose that the

(the left hand side is the traffic over linkfor A = 1; (39) network traffic is uniform and equal tofor every source desti-
suffices to prove the lemma). Before going into the details oftion pair. Left hand side in (40) is the routing load over link
what we mean by symmetry, it is useful to give an examplé. (40) implies that the routing load on each lindlepends only

Consider a source-destination paif € N. Define on the direction of. Moreover, (40) suggests an alternative
, o view of computing routing load over link Fix the origin as
Py ={P € Py : |[P|=d(i,j)}, the source node, and add up the traffic from the origin to the
and other nodes, passing through links in the same directioniwith
1 it pec o In order to define a symmetric routing vector, we need a few
xp { |75 . other definitions. Let the vertical reflection of node- (z,y)
0, otherwise. bei; = (z, —y), the horizontal reflection be., = (—z,y), and

The vectorH = (zp : P € &) is symmetric, and it distributes the rotation b&, = (—y,z). Similarly, let vertical reflection
the routing load uniformly over all links with minimum pathof alink? = (i, j) bel; = (i1, j;), and vertical reflection of a

Iength. pathP = (llv 127 e 7Zk) be
We will use modulo arithmetic for discussing translation P (el .
of nodes, links and paths(z,y) € Z? refers to the node 1= (gslags oo s Ikg)-

(mod(z), mod(y)) where modz) = = mod /N is the usual
modulo function. When nodé = (z,y) is shifted byd =
(6(x),6(y)), node

Horizontal reflection and rotations of links,, [~ and paths

P.., P are defined similarly. Call a translation invariant rout-

ing vectorsymmetridf for all P € Z;,
i+6=(x+6x),y+d(y)) p =p =P =p, (42)

is obtained. Define thétranslation of linkl = (i, j) asl+ 6 =

(14,7 + ), and the) translation of patt? = (11,12, - ,lx)

as

is satisfied.
From the definition of), it follows that for all« € {{, —, O

- b
POzt bbto htd) W(P1) = (P, 1), (43)
We call a routing vectoshift invariantif for all 4,7 ¢ N, P € . . . .
P8 € 22, Therefore, if a routing vector is symmetric then,
Irp =X
o PR Yo @Rl = Y D ap (Pl
is satisfied. JEN PePy; JEN PePy;
Denote the origin node with. Next, we will argue that if a
routing vector is shift invariant then for every lirik - Z Z zpy(P,Ly). (44)
JEN PPy,
Z Z Tp = Z Z zpyp(P1), (40) The first equality follows from (42) and (43). The second equal-
LIEN PEPij: lEP JEN PEP; ity is due to the fact that if we map evely € 2, to P, then
where we again obtain the se¥;.
W(P,1) = Z (1€ P+i). (41) Let ! be a link pointing up. Then,s, [, (I5). are vectors
ieN pointing left,down and right, respectively. If the routing vector
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is symmetric, then (40) and (44) ensure that the traffic on linksy nodej in slot¢; F(t) is the set of all links with successful

1,1, (ls) — are the same.

receptions in slot.

Let H = (zp : P € &) be a symmetric, shortest path Let A be achievable with slotted ALOHA with transmission

routing vector. Next, we will prove thall satisfies (39). From
definitions, it follows that

[P = (P,1) + (P los) + (P 1) + (P, (Is) ). (45)

Therefore,

2, > ar

Z Z TP¢(P’Z)

probability . Every packet delivered from nodeo ;7 must be
successfully transmitted(7, j) times. Therefore,

T-1 T-1
D> Wyd( ) <> 1l e F(t (46)
t=0 i,jEN t=0 leL

where the right hand side above is the total number of success-

i,jEN PEP;;: IEP JEN PePy, ful transmissions from slot zero 86— 1. Observe the following
chain:
— 72 > wp((P1) + (P ls)
JEN Pey, N(N —1)AL
+p(P,ly) + (P, (Is) ) = Y (i) (47)
= 1> i o -
eN PePy;
] < Z E{hmmf Z (t)}d(i, ) (48)
= - Z d(0, ) i,jEN t=0
jGN
(N - 1)L < ) liminf Z E{Wi;(t)}d(i,j)  (49)
= 1 igen
The first equality is due to (40). The second in due to (44). < ff E{W;,(t)}d( 50
The third one is due to (45). The fourth one is becgu¥e= N ITHEOI}D tz; ”ZG:N W (0)}d(i, ) (0)
d(0,j) for eachP € Z,; and} pc 5 wp = 1. The last _
equality follows from the definition of. and the symmetry of < liminf l Z Z Pr(l € F(t)) (52)
the network topology. T T T i
_ = ) Pr(le F(1) (52)
D. Proof of the Formula C; et
Let nodek receive packets from nod€d,2,--- ,i}. The = 4NPr(l€ F(t)) (53)
packets from firs§j nodes{1,2,--- ,;j} are for the receivek. 4
The rest of the packets are intended for other receivers, but node - N Z <4> ¢"(1— q)s—ka (54)
k happens to be in the neighborhood of each node in1, j + 4 \k
2,---,i}. The expected number of successful transmissions by < NLnarona. (55)

the noded1,2,---,j}is

j
E{>_ 1(noder is successfyl

r=1

j
= ) _Pr{noder is successful
r=1
= jPr{nodel is successfyl
]él 1

- JZ<H> )

m=1

= JZ —Cim

- *C»L
1

E. Converse to Theorem 3

We adapt the notation in Partil’;; (¢) denotes the number of

packets (with sourcéand destinatiory) successfully received

(47) is the definition ofL; (48) follows from the definition of
uniform achievability; (49) holds because of Fatou’s lemma;
(51) can be seen by taking expectation in (46); (53) is because
there is total N (directed) links in a Manhattan network each
with the samePr (I € F(t)); (54) is because of (20). The con-
verse follows.
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